Algebraic Quantum Gravity (AQG) 
II. Semiclassical Analysis 

K. Giesel* and T. Thiemann^ 

MPI f. Gravitationsphysik, Albert-Einstein-lnstitut, 
Am Muhlenberg 1, 14476 Potsdam, Germany 



and 



Perimeter Institute for Theoretical Physics, 
31 Caroline Street N, Waterloo, ON N2L 2Y5, Canada 

Preprint AEI-2006-059 



Abstract 

In the previous article jlj a new combinatorial and thus purely algebraical approach to quantum gravity, 
called Algebraic Quantum Gravity (AQG), was introduced. In the framework of AQG existing semiclassical 
tools can be applied to operators that encode the dynamics of AQG such as the Master constraint operator. 
In this article we will analyse the semiclassical limit of the (extended) algebraic Master constraint operator 
and show that it reproduces the correct infinitesimal generators of General Relativity. Therefore the question 
whether General Relativity is included in the semiclassical sector of the theory, which is still an open problem 
in LQG, can be significantly improved in the framework of AQG. For the calculations we will substitute SU (2) 
by U{1)^. That this substitution is justified will be demonstrated in the third article [2 of this series 
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1 Introduction 



In the previous companion paper PP of this series we introduced a new top down approach to quantum 
gravity, cahed Algebraic Quantum Gravity (AQG). This combinatorial approach is very much inspired by 
the ideas and concepts of LQG [31 E]- However, it departs in a crucial way from LQG by discarding the 
notion of embedded graphs and considering algebraic graphs instead. Since these graphs are algebraic, we 
lose information such as topology and the differential structure of the spatial manifold that are fundamental 
for LQG. Nevertheless, we showed that all physical (gauge invariant) operators such as the Master constraint 
operator can be formulated in an algebraic (i.e. embedding independent) way and thus be lifted from LQG to 
AQG. In this sense AQG offers a technical simpler approach since one just has to deal with one fundamental 
infinite algebraic graph, while within LQG one considers an infinite number of finite embedded graphs. The 
missing information in AQG about the topology and the differential structure of the spacetime manifold as 
well as the background metric to be approximated is encoded in the coherent states and thus only of interest 
in the semiclassical limit. As pointed out in [Ij the analysis of the semiclassical limit of the dynamics of LQG 
could not been performed so far, because existing semiclassical tools fail to be applied to graph-changing 
operators such as the Hamiltonian or the graph-changing version of the Master constraint operator [51 |H1 13 |H]. 
The reason for the failure in the case of the Hamiltonian constraint operator is that in order to quantise 
this operators without anomalies, it has to be formulated in a graph-changing fashion. The action of an 
graph-changing operator on coherent states will necessarily add degrees of freedom to the coherent states 
under consideration. The fluctuation of these additional degrees of freedom are not well suppressed by the 
coherent states leading to an unacceptable semiclassical approximation of the Hamilton constraint operator. 
The graph-changing version of the Master constraint operator is spatially diffemorphism invariant. In [H] it 
was shown that such operators have to be defined directly on the spatially diffeomorphism invariant Hilbert 
space. Hence, we would need spatially diffeomorphism invariant coherent states, that so far have not been 
defined in LQG. 

In contrast within the framework of AQG we work with the (extended) Master constraint operator, which 
is quantised in a graph-non-changing formulation. Therefore the dynamics will not change the degrees 
of freedom and thus existing semiclassical tools can be used to analyse the semiclassical behaviour of the 
AQG-dynamics. Furthermore, since we have only one fundamental or maximal graph in AQG, we are able 
to remove the graph-dependence that is present in the semiclassical tools of LQG. 

In this paper we will display the semiclassical analysis of the (extended) algebraic Master constraint op- 
erator associated with an algebraic graph of cubic symmetry and show that AQG reproduces the correct 
infinitesimal generators of General Relativity in the semiclassical limit. We will use the semiclassical tools 
developed in 111! IT^. Since, we are working on the algebraic level, the restriction to an algebraic graph 
of cubic symmetry incorporates all graphs of valence six or lower^. We wiU substitute SU{2) by U{lf, 
because this will simplify the calculation enormously. That this substitution is satisfied was already shown 
in where it was proven that the electric fluxes and holonomies for SU{2) are well approximated in the 
semiclassical limit. Additionally, we will prove in our companion paper [2] that the C/(l)^-substitution is 
also satisfied for operators such as the (extended) Master constraint operator. Here we will only consider the 
gravitational sector. However, the techniques used here carry over to all standard matter coupling. Since 
the Gauss constraint consists of a linear combination of flux operators and for those the correct semiclassical 
limit has been already demonstrated in ^01) we neglect the Gauss constraint in our analysis. 
Due to the fact that the relation {h'^^\v} = SxKiE'- for SU{2) on which eqn (2.18) in jl] relies fails to 
hold, we cannot approximate the Lorentzian part of the Hamiltonian by U (1)^ correctly. Hence, we will only 
consider the Euclidean part here. However, the discussion in [2j show that the correct SU{2) calculation 
reproduces the correct semiclassical limit. 



^The graphs with valence (6 — n) with 3 < n < 6 can be obtained by simply not exiting n edges at each vertex of the 
algebraic graph. 
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This article is organised as follows: 

In section 2 we introduce the necessary technical tools in order to perform the semiclassical analysis. We 
discuss the notion of the infinite algebraic graph of cubic symmetry as well as explain in detail how the U{1)- 
approximation is performed. Afterwards we introduce the (extended) algebraic Master constraint operator 
in the C/(l) ^-approximation. Here we follow the ideas of 13^ and generalise them to our case. Note, that, in 
contrast to the Master constraint operator, the operators considered in ^3] contained no loop operators. We 
will display certain details of the calculation in section 2 in the appendix and just referring to them in the 
main text. We decided to present this calculation very detailed, because as pointed out in our companion 
paper [21, this is the first time semiclassical perturbation theory wihtin AQG allows to compute expectation 
values of dynamical operators. In section 3 we discuss the leading order (LO) contrinution of the expecta- 
tion value of the Master constraint operator. In section 4 we analyse in detail how this LO-contributions 
is related to the classical master constraint. In section 5 we demonstrate the next-to-leading order (NLO) 
term of the expectation value of the Master constraint operator. In section 6 we discuss our result and 
finally conclude. 



2 The Master Constraint Operator for an Algebraic Infinite Graph of 
Cubic Topology and within the U{1)^ Approximation 

2.1 The Infinite Algebraic Graph of Cubic Topology 




v-3 



Figure 1: Sketch of a graph of cubic topology 



We will consider an algebraic graph with cubic topology, sketched in figure ^ Each vertex is six-valent with 
three edges going out and three edges going in. We will choose the embedding such that for a given vertex 
V all six edges are outgoing, as shown in figure ^ Since the algebraic Master constraint operator acts on 
vertices only and moreover consists of a sum of the contributions at each vertex, it is always possible to 
restrict attention to one vertex only. For a given vertex v we will label the six edges with ej{v), whereby 
a = {+, — } and J = {1,2,3}. We will label the outgoing edges by ej{v) and choose an ordering such 
that the triple {ei, 63, 63} is right handed with respect to the given orienteation of S. We use the notation 
ej{v) := ej{v) and ej{v) := ej{v — J) where v — J denotes the point translated one unit along the J axis 
while the other two directions do not change. The dual surfaces associated with e~j{v) is Sej while the 
one belonging to ej(t>) is S^j(^y_j-^ with its orientation reversed. Beside the six edges directly connected to 
the vertex v (the red or thick ones respectively in figure ^ the action of the algebraic Master constraint 
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involves additionally edges of next neighbouring vertices. In figure ^ these edges are the blue or thinner 
ones respectively that are not dashed. The next neighbouring vertices are also blue or thinner respectively.. 
We will choose the orientation of these edges such that, when embedding the graph via coherent states, the 
orientation of the edge ej{v + a' I) agrees with the orientation of Cj. 

2.2 The f/(l) ^-Approximation 

In our calculations we will use the approximation that SU{2) is replaced by U{1)'^. Former work [TO^ showed 
that although replacing SU{2) by U{1)^ is incorrect the results are reproduced qualitatively. Moreover the 
main advantage of this approximation is that the U{1)^ volume operator counterpart diagonalizes the U{1)^ 
counterparts of the SNF. often called charge network functions (CNFs). Thus calculations involving the 
volume operator, as it is the case for the Master constraint operator, become enormously easier. Since we are 
mainly interested in the question whether the zeroth order of the expectation value of the Master constraint 
operator with respect to to coherent states reproduces the correct classical expression, the approximation 
should be appropriate for our purpose. In [2j we will justify this approximation rigorously. 
Let us denote the f7(l)^-holonomy by and the dimensionless electrical flux by p'^. Note, that in order 
emphasize the difference between SU{2) and we will not choose the letters A{e) and E{e) here. The 

C/(l)^-approximation includes then the following replacements 

A{e) ^ K ■■= {hlXX) 

E{e) ^ := {pUI.pD (2.1) 



where 



hi{m) ■.= exp{i j A^) and p^.{m) := j {*E)j (2.2) 



Se 



The Poisson algebra of hi and pj is given by 



{p,^ K,} = i-K,5pl, {p^pD = --ejkipl 6e,e' (2.3) 



leads to the following commutator relations 

Wr ^e'] = -%K^)K> \P]M = [H, h'e] = (2.4) 

Here, we introduced a parameter with dimension of length in order to work with dimensionless fluxes. Its 
relation with the classicality parameter tf. of the coherent states is te = IpO^- Working with dimensionless 
fluxes will convenient for the later discussion of the quantum fluctuations. 

For the holonomies and fluxes of our cubic graph we use the following abbreviations in order to keep our 
notation as simple as possible 

hia:=hj^jy, p]' :=p,jajv (2.5) 

2.3 The Algebraic (Extended) Master Constraint Operator for an Algebraic Graph of 
Cubic Topology 

The algebraic extended SU{2) Master constraint reads 

M = EETr(^(/3.")^(eS)[^(eS)-S VVv])? + ^ Tr(r,^(/5»)^(e»)[^(e»)-\ VVv])f (2.6) 
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where denotes the minimal plaquettes loop in the = const direction. The substitution of U{1)'^ for 
SU{2) replaces 

Tr{A{P:)A{e:)[A{e:)-\^^])f ^ ^ ^^.^o Co )- H ' 

IoJqKo 

j2MnA{p-)A{e:)[A{eir\Vv.])f ^ fl E ^'°^"'"^^o~/^";„,„(Co)-M^^i(.)' ^} (2-7) 



i=i 



£0=1 IqJoKo 



where denotes a minimal loop of [/(l)'^-holonomies along the edges ej^^ej^. Let us parametrise the 

minimal loops by the parameters Io,cro, JojCTq, then any possible loop loop can be written as 



and hence the U (l)'^-loop is given by 

Ho,ao.7o<.^,™o" ^ hloTomov O hjoa'^mov+aoio ° ^ I^aomov+a'^Jo ° ^Joc 



(2.i 



7gmov 



(2.9) 



The summation over all possible minimal loops (3{jQ^cro,Jo,cr'oM expressed in terms of ej^fc-tensors such 

that the algebraic Master contraint operator associated with a graph having cubic topology for U{1)'^ is 
given by 



where 



IqJoKq ctq- 



1 

ih 



(2.10) 



(2.11) 



E E E E 

IqJoKo cto = 



fc fc^O mo no ' I'Pj^ Jo <T^'mo ■« ^0 f^O "0 ^ ^ 



(2.12) 



When considering the Master constraint operator, we realise that for a fixed values of Ko,ao, we have four 
possible minimal loops. These loops are shown in figure HI for the case = 3, Uo = +. Through out 



^/3{l, + ,2, + ,mo,u} 




P{l,-,2, — ,mQ,v} 



P{l, + ,2,-,mo,u} 



Figure 2: The four possible minimal loops /ifl,,, , .hn, ,hr} andhr} for i^n = 3, do = +. 

1^ f f P\ + 2, + mQv1 Pl-2+mof' Pl-2-mQV Pl + 2-mQV ^' ' " 



our calculation we want to use the simplification do = a'^ = cr['. This assumption will not affect our final 
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semiclassical result^, but has the advantage that the four loops reduce to only one loop. For instance in 
figure 121 only the loop hf^^^ + 2 + mo fullfills ao = cTq = a'^. Hence, in total we will have less edges involved 

in the action of the Master constraint, whose C^^^ operators, inserting our assumption ao = (Tg = a", are 



IqJoKq 0-0=+,- 

4 



h 



Ceo 



IqJoKo o'o=+r 



JoJoKo 



-1 T/2 

1 



ih 



^ ^1 



(2.13) 



where we introduced , := hfi, , which we will use as the notation for the loops from now 

on, because we always have a'^ = a" and do not have to carry a separated fio-label for /□ and Jq. By 
introducing the operators Xj-^ := Xja-jv = ihjajvd/dhj^j^ and taking advantage of the cubic symmetry of 
a, the volume operator Va,v can be rewritten as 



el 



M 



The eigenvalue of Va^v is given by 



Xi+jv — Xi-j^ 



X. 



2+kv — 



X3+IV — 



(2.14) 



kl 



''T'2+kv — n'2-kv 



(2.15) 



Note, that we use the embedding dependend operator introduced in ^5], because the embedding independent 
one |16j has been ruled out by a recent analysis |17j . 

2.4 U{lY Coherent States associated with a Graph of Cubic Symmetry 

The U{1)^ coherent states are given by 



n n 



e€E{a) j=l,2,3 



where 



(2.16) 



(2.17) 



and fl'gCT := eP-^'^^^hj^jy = gjajv and te ■= 'l^p/al is the so called classically parameter. Now we want to 
calculate expectation values of for coherent U{1)^ states 



(^^ I M„ I ^* 



^l=Q 



Wm 112 

3 ^ ^ 



(2.18) 



Let us discuss a bit more in detail how many and which edges precisely are involved in the action of M^, 



^When considering four loops we have to divide by a factor of four and hence semiclassically this factor is cancelled. 
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/323 — mQV 

Figure 3: The Eighteen edges that are involved in the action of the Master constraint at a given vertex and 
the six corresponding minimal loops. 



at a given vertex v. Since we chose ctq = a'^ = o'l for simplicity, for each chosen [K^^ ctq) G ({1, 2, 3}, {+•—}) 
there is only one possible minimal loop ^/Sj^ Hence, when summing over all possible in total we have 

6 + 3 ■ 4 = 18 edges which are involved in the action of M^, whereby the additional 12 edges are not directly 
connected to the vertex v. The volume operator considers only the six edges {ej\a = +, — ; J = 1,2,3} 
that are directly connected to v, hence we do not get any additional edges to consider from the commutator 
term. These 18 edges are shown in figure IHI 

Eqn 1)2. 16|) states that a coherent state associated to a graph a can be written in terms of the product 
of the coherent states associated with each edge e G E{a) of the graph. Consequently, when considering 
expectation values of the form in eqn ()2.18|) . all edges that are not involved in the operator action, will 
simply be cancelled by their corresponding norm in the denominator. Hence, the expectation value of M-^ 
with respect to ^'^ ^ is equivalent to the expectation value of with respect to '^ais,rm where ^^^g^m 
denotes the coherent state associated to the graph with 18 edges shown in figure El 

2.5 The basic building blocks of the expectation value of the Master constraint oper- 
ator 

Let us introduce the following shorthand 



Qmo,no 
loJoKoo-QV 



Koo-om 



1 

2 



(2.19) 



then the basic building block of the Master constraint operator is given by 



loJoKoo-QV a,m/ 



mt 112 



(2.20) 



If we know the explicit value of the expectation value of [0^°~"'~ _ V in eqn 1)2. 2U() for general 

Iq, Jo, Kq, ao,mo,no and Iq, Jo, Ko,ao,fho,no respectively, the expectation value of the Master constraint 
can be expressed in terms of a sum of expectation values of (0^°j^~ _ Due to the fact 

that we have fixed but general Iq, Jo, Ko,ao,mo,no and Io,_^Joj^Ko,(To,mo,no here only ten out of the 18 
different edges of ^'l,. ^ considered by the operator [O^^h^- _ )^0^°j"'l^ . Let us introduce the set 

lo; IoJoKqctoI^ -'O-^O^O'-'^O ^ 
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v-2 



Figure 4: ^J^^j^^j- with L = L(3, 2, 1, -, 1, 2, 3, +, v) for the loops /i/332_„o„ 



hn and /la,,. 



L(/o, Jo, i^oi <7o) ^7 "^0, Ko,ao, v) that contains these ten edges and use the following notation 

:= {e5(?;)|cj = +.-, J = 1,2,3} 
L := L(Io, Jo, Ko,ao, h, J„K„ a,, v) := U {e2{v + a^h), {e1l)-\v + a J,), e|«(r; + a J,), {efr\v + ^ol,)} 

(2.21) 

Apart from the six edges that are directly connected to the vertex at most four different additional edges 
that are not connected to v are modified by the action of (0™~"~ _ l^OT*''?'^- • An example of such 
a graph is shown in figure 01 When, defining the coherent state associated to this graph consisting of at 
most 10 edges, we have to take the product of the coherent states associated to each edge, see eqn 1)2. 16() . 

Introducing the set of vertices V := {v^ v + <To/o; + ctqJo^v + CTo-^oj v + c^o<^}) we can parametrise these 10 
edges by the labels J,a,j,v, whereby j,J G {1,2,3}, a £ {+,— } and v E V. Denoting the coherent state 
associated with this graph by ^'|^ jajL} express it as 



"^1,,^} = n n 



gjajv 



n-l — r ^ — > ^J<yjv^j!7iv . , ■ . a 

I I \ g 2 g+PJa-jvnja-jv g+iV'JiTjvnja-jiig-l'tfja-jenjcrjv (2 22) 



Consequently, as explained already in the case of the 18-edges graph, when discussing the action of 
(0^°-"'- _ )^Ow"5- ^ „ on ^aiK m it is enough to know the action on r . . , , thus we have 



loJoKoa-Q V {g,J,a,j,L}/ 



\\m 112 llxUt 112 

Note, that most generally the classicality parameter tjajv can be different for each single edge. Hence, we 
would have to take 10 different limits tjo-jc — > when actually calculating our expectation values. Since we 
need already a lot of notation through out our calculation and the final result will not be affected in general 
when we chose t := tjajv for all g, Jma, v, we will do this in the following discussion. 

2.6 The Action of the Operator OfXR^aov 

For the benefit of the reader we will discuss the explicit action of 0^°j^^^^^^ on coherent states in detail. 
First we will analyse the action of the loop operator contained in 0^°j^^^^^^, then the action of the remaining 
holonomy and commutator term and afterwards combining both into the total action of 0^°j^^^^^^. 
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2.6.1 The Action of the Loop Operator hg, , 

The loop hs, , expressed in terms of four single holonomies reads 



hfi 



O h ; 



o h. 



oh-rL 



''f3iQjoaQmQV hiQcromov ^ "' jQCTQmov+croio ^ "'lomoaov+aoJo ^ "'Jomocrov 

Hence, the action oi h», , is given by 



(2.24) 



hp. 



^0-'0°"0'"0'' 1 1 



hi, 



o h 



o h i 



^ ^ j~J ^ ^~\{t{nj^j^)'^)^+(pjajvnjajv)^+i{<fJajvnjajv) 



5eV (J,rT,j) "Jrrjv 



j'i'jCTjC (^"■jCTjS+<5(jQ,CTo,mo,t;),(J,CTj,C)+'5(/Q^o-Q^„+crQjQ,mo),(J,CT,j,B) ^(Iq ,"0 -"^o) •(J'" ''"') ^(Jo.<'0.'"+<^o4.'"o).(''.°".J.'')^2 25) 

(2.26) 



where 

In order to get succinct expression for the (^—functions, we introduce the abbreviation 
A(/o, Jo, cTo, mo, V, J, a,j, v) 



,aQ,mQ,v),{J,a,3,v) + ^{lQ,cyQ,mQ,v+(7QjQ),(J,a,j,v) S(lQ,r7Q,mQ,v),(J,a,j,v) S(jQ,aQ,mo 



2.6.2 The Action of hKoaonovh 



The action of hx. 



h 



T/2 



V-\-(J qIq) ,{J ^C7 ,V) ) (2.27) 

^ 1 

involves for a given vertex v only the six edges that are directly 



connected to the vertex v. 



hxo 



aonov 



h 



-1 

Koaonov 



1/2 

5 'a,v 



{9,>/,o-,i,i}" 

^ - hKo<ronov^\a,vh Koaonov) ^\g,J,cr,j,L} 



I* 



{9,J,o;j,L} I 



v=^v (J,a,j) ^Jcrjv 

ev eL\Lv ez / 

n E (^k{njajv}) - xHinjajv + 5(.,.,,,.),(Ko,.o,no..)})) e-M*("^<^.^)^)e+(^^^-''"^-'')e+<^^-''"^-'') 



{J,eT,j) ^Jajv 



1^' 



{3,J,<T,j,L}l 



where 



A2({nj<^j,;}) = a2 



3 

3 t4 



IT'l+jv f^\—jv 



(2.28) 



(2.29) 
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Note we inserted a factor of one into the eigenvalue A 2 by multiplying and by the same time dividing the 
whole term by a factor of 02 since t = ip/a^. This will be convenient for our later notation. 
The volume operator acts on edges directly connected to the vertex v only. Therefore the parts of the 
coherent state associated with edges at v ^ v commute with the volume operator and can therefore be 
moved to the lefthand side of the holonomy-commutator term. Recall from eqn (|2.21|) that the set = 
{e'j I 0" = +, — ;/ = 1, 2, 3}. Combining together the separate action of the loop and the commutator term, 
we end up with the following action of 0;^ j^'^qo-q^, 

1 



I* 



t I 

{9,J,f^d,L}' 
1 



\^IoJqKo(Tov {g,J,a,j,L} 



1 



1^' 



{9,J,o-,j,L}\ 



{g,J,o-,j,L} 



I 



n n E 

ev eL\Lv ez 



\ Sit) 



,+i{vj,Tjvnjajv) p+i^j,Tjv{-nj^jv-MIo,Jo,m),mo,v,J,a,j,v)) 



(2.30) 



Hence, we are able to give an expression for the expectation value of O™"'"" 



loJoKoa-QV 



'^IoJoKoaov^{g,J,a,j,L}/ 



l|2 

' {g,J,'^,j,L}'' 



J~~j^ g +(".'<'J«) )) g+(pjCTjc(njCTjC+njCTji))g+«('PjCTjB("j<TjB-nj<Tji)) 



i^v (J.a-.j) "JajS nj^jfj 



i{njaji+A(Io,Jo,<To,rno,v,J,(T,j,v)-njc,ji,-A{Io,Jo,cro,mo,v,J,a,j,v)) 



S{nj„j^+A{Io,Jo,cro,mo,v,J,a,j,v)-njrjj^-A{Io,Jo,(To,mo,v,J,(T,j,v)) 

The ^-function forces the following condition on njajy^njajy and njajy^njajy respectively 

njajv = njajv + A(/o, Jo, do, mo, I-, J,a,j,v) - A(/o, Jo,ao,mo,v, J,a,j,v) 

njajv = njajv + A(/o, Jo,ao,mo,v, J,a,j,v) - A(/o, Jo, cJo, "Iq, t;, J,(J,j,v) (2.32) 
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Introducing 

A(/o, To, Jo, Jo, do, So, "Iq, mo, V, J, a,j, v) := A(7o, Jq, 5o, "io, v, J, o", j, v) - A(Jo, Jo, cTo, mo, v, J, a,j, v) 
A(/o,/o, Jo, Jo,cro,CTo,"io,mo,f, J,(T,j,v) := A(/o, J,, ctq, mo, J,cr,j,v) - A(/o, Jo,cro,mo,f, J,(T,j,v) 

(2.33) 

the condition for njajvinjajv ca be rewritten as 

IT'Jcrjv — '^Jo-jrC ~ A(/o, /q, Jo, Jq, CTq, (To, mo, mo, f, J, CT, J, 

^Jaii) = nj^j^ - A{lQ,Io,jQ,Jo,ao,ao,rno,mo,v,J,a,j,v) (2.34) 
Reinserting this condition into the expectation value of we obtain: 



'^/0J0^i'0'T0«^{3,J,crJ,L}/ 



ll^{g,J,,7j,L}l 



g-p Jo-ji A(/o,-'o,-'o, ^0,^0, CTO, mo, mo ,V,J,crj, 5) g+i</3jcrjBA(/o,-fo,-'o, ^0,^0, CTO, 

, vj^v (J,a,j) 
\ eV &L\Lv 

^-^(^A{Io,Io,Jo,Jo,o-0,<^0,rno,fho,v,J,a,j,v)Y 

g-t(("jCTjB)^-2nj<jj5A(/o,7o,^0,Jo,CTo,CTo,niO,mo,t',^,CT,i,C)) g+2pj<jjBnj<jj5 



^ Jajv 

ez 



n 



-pjCTjuA(7o,-fo,-^0,-'o,CTo,CTo,mo,mo,i;,J,CTj>) +i(pjCTji,A(7o,-fo,./o,-'o,CTo,CTo,mo,mo,i),J,CTj>) 



e 2 



{J.'y.j) 

|(A(/o,?o,^o,.?o,CTo,CTo,mo,mo,i),J,CTj»)^ 



g-t(("J<Tji.)^-2nj^j„A(/o,7o,Jo,-'o,CTo,CTo,r7io,mo,i),J,CTj»^ g+2)5j^j„ 



Jajv 
6Z 



|^A2 ({njcrji)}) — A2 ({njo-ji, + '^(J,o-,i,D),(ifo,CTo,no,u)}) 

+A5 (^{nj^j> - A(/o, 7o, Jo, Jo, CTo, ?o, mo,mo, v, J, a,j, v)} ' 

— A2 ( {nja-jv — A(/o, -^0, Jq, Jq, Co, '^0, ""I-o, fTioiV, J, cr, v) + (5(j_<jj_„),(Xo,5o>So,f)} 



(2.35) 

Note that A(/o, -^0, Jo, Jo, f 0, S^o, mo, fho,v, J, a, j, v) is the special case where v = v since only edges that are 
directly connected to v are considered. Thus four out of the eight Kronecker-deltas can be neglected and 
we have 



A(/o, lo, Jo, Jo, do, CTo, mo, mo, w, J, a, j, v) 

,a-Q,mQ,v),(J.a-.j.v) ^ (Iq ,a-Q ,mQ ,v) ,(J,cr,j,v) ^ (Jq .ctq ,mQ ,v) ,{J.ct .j .v) + ^ (Iq ,ao .mg ,v) ,(J,a ,j ,v)} 



(2.36) 



2.7 Application of the Poisson Re-summation Theorem 

The aim of this work is to discuss the semiclassical behaviour of the algebraic Master constraint, thus we are 
mainly interested in the properties of the expectation value in eqn (|2.35|) for tiny values of the classicality 
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parameter t. Looking at eqn (|2.H5)) . tiny values of t will correspond to a slow convergence behaviour when 
considering the sum over njajv- Therefore we will perform a Poisson resummation in which t gets replaced 
by 1/t. Then the series converges rapidly when considering small, tiny values of the classicality parameter. 
Let us introduce the following quantities 



with the help of whose all quantities can be expressed in terms of xjaj^. 

^Hinjajv}) = T-h'mTnj^j^}) = T-'h^{xj^j^}) 
and the expectation value can be rewritten in terms of xj^jv as 



(2.37) 



(2.38) 



Qmo,no \ 
IoJoKqctov {g,J,a,j,L}' 



' {g,J,cr,j,L}'' 



T-l 



' {9,J,'^,j,L}'' 



v^v (J.cr.j) v^v {{J.cr.j) 



"2 S S (A(/o,-fo,^0, Jo, 0-0,0-0, mo, mo, l),J,o-,J») 
v^v (.J,(y,i) 

- Yl Y (xjajv)^ -xjc,jv{§!PJcyjv+TA{IoJo,Jo,Jo,'^0,o-o,mo,fho,v,J,aJ,v)) 

Ev^v (J,cr,j) 

/ - Y Pj,7jv'^{hJo,Jo,Jo,<^0,^0,rn,o,fho,v,J,<j,j,v) +i Y VJ:7jvMhJo,Jo,Jo,cro,^0,rn,o,fho,v,J,a,j,v) 



'I Y {^{h,Io,Jo,Jo,o-o,o-o,ino,mo,v,J,a,j,v)) 

eLv 



E 



- Y {xja-jvY -xjciv{§!PJa-jv+TA{Io,Io,Jo,Jo,'^0,o-0,'mo,mo,v,J,a;j,v)) 
i-J.'y.j) 



J crjv 



A2 ( {xjajv}, e^'n (w), no ) Aa ( {xj^j^ - TA{Io, Iq, Jq, Jo, ctq, fJo, mo, mo, v, J, a,j, ^')}, e^"^ iv),no 



(2.39) 



where we introduced 

({xjajv},e''j^'^{v),no] := T'^ {{xjajv}) - {{xj^j^ + ^(^(j,,^- „),(Xo,<.o,„o..)}) 



(2.40) 



in order to keep the expression as short as possible. Moreover, the denominator can be reexpressed as 



1^- 



30 

vr " 

7' ' 



-J Y Y {PJcTjvf 



[l + Kt{p)f' (2.41) 
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The application of the Poisson resummation formula leads therefore to the following expectation value 



^ loJoKoaov {g,J,o-,j,L} 



^loJoKocTov^ {g,J,a,j,L}l 
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f)30[l + i^,(p)]30 



+« I] T, 'Pj:7jvA{Io,Io,Jo,Jo,<^0,o-o,mo,mo,v,J,(7,j,v) -J T, T, {A{Io,Io,Jo,Jo,(^0,^0,mo,mo,v,J,(7,j,v)) 

V^V {J,CT,j) V^tv (J,CT,j) 



T. J2 {njtrjv) -2if J2 njrjj^(pjrjj^ + ^A(Io,Io,JQ,Jo,'^0,'^0,m.o,m.o,v,J,a,j,v)j 

g eV sL\Ly g SV GL\L„ 

/ - I] PjCTJi;A(/o,?Oi-'o,.7o>0-0>2^0,»n-0,niOi'":-''iO'J,'!') +« Z] 'PjCTJi;A(/oi?Oi-'o,.7o,0-0,CTO,"!.0,"iOi'!',-''iO"J:'") 



-| E (A(/o,-fo,./o,^0,o'o,(To,mo,mo,n,J,crj») -i J] (pjcrjt,) 



E (nj<Tjt>)^ -2if E njCTj„('pj<jj„+^A(7o,-fo,^0,./o,cro,o-o,)Tio,mo,-u,J,CT,j,C)) 
(J,<T,j) (J.<T,j) ^ ^ 



J2 (^JajvY-Y^J''jv(pjiTjv+^MhJo,JoJo,^0,'^0,mo,rno,v,J,a,j,v)-iTTnj^jS] 



A2 (^{xj^j^}, e^^^ (w), noj A2 [{xj^j^ - TA{Io,Io, Jo, Jo, ctq, o-q, mo,mo,v, J, a,j, v)}, e"^^ iv),no 

(2.42) 

Similar to ^H] 

we introduce new x jajv 

variables denoted by {xjjy)~^ := ^{xj+j^ + and (xjjy) := 

^{xj+jy — xj-jy). These variables have the advantage that the A2 are functions on (xjjy)" only. Hence, 

the 9-dimensional integral over (xjjy)^ contains no A2 anymore and can be easily computed, because it 
has b GConiG a usual complex Gaussia-n integral. Additionally all the other quantities as ti jajv-^P Jajv 

undergo 

analogous transformations. The transformation for the terms involving 5-functions will depend on the sign 
of (To and ao respectively and will be of the general form 



-sgn(CTo)((^)(,,„ 



1 



-(5y 

n\ / (J.j.v),{KQ,nQ,v) 



^(J. + .j.v).(K,crQ.nQ,v) "l~ '^(J,-,i,t;),(-K'0'''0'"0''') 



(2.43) 



Note, that it was necessary to reexpress A(Io, Iq, Jo, Jq, ctq, ao^mo, fho, v, J, a,j, v) in terms of the difference 
of A(/o, Jo, Co, "^o, J, 0", j, v) — A(/o , Jo, do, mo, f , J, o", j, v) (see eqn 1)2. 33|) ) since there is no global sgn-term 
to factor out in this case. 



1 



sgn((To)(A) {Io,Jo,v,J,j,v) :-- 
^{^V{Io,Jo,v,J,j,v) := 



A(/o, Jq, ctq, mp, V, J, +, j, v) - A(/o, Jp, ctq, mo,v, J, -J, v) 

2 

A(/o, Jo,0"o,"io,t^, J,+,J» + A(/o, Jo, 0-0, "io, I', J,-,J» 



(2.44) 
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For the details of this transformation, see El in appendix. The change of variables and the performation of 
the Gaussian integral simplify the expectation value to 



'-^loJoKoaov^ {g,J,a,j,L}/ 



v^v (J,o-,j) vy^v (J,cr,j) 



(yf)30[l + K,(p)] 



30 



I E E {j>-.lajvf Y. Y. njaji,(pj„jf, + ^A{IoJo,Jo,Jo,o-o,^0,rno,fho,v,J,aJ,v)\ 

v^v {J.cr.j) v^v {J.a.j) 

-| E (((A)+(7o,Jo,^',Jj»-{A)+(/o,Jo,^',Jj»)') +f E ((<^./,„)+((A)+(7o,Jo,i),J,j»-{A)+(/o,Jo,i^,Jj»)) 



(J, 3) 



(J.j) 



E{J,i) (J,j) ^ ' 

-\ E ((pjji))"(sgn(CTo){A)-(7o,Jo,D,J,i,t))-sgn((To)(A)-(/o,Jo,'y,^,j,'y))) 



+ 5 E (('y^./ju) (sgn(o-o)(A) (/q, Jo,-", JJ,'y)-sgn((To)(A) {Io,Jo,v,J,j,v))) 



-f E (((PJj^)")'') -3 E ((sgn{ao){A)-(/o,Jo,t',J,j,i^)-sgn(5o)(A)-(/o,Jo,f,J,i,t'))'') 

-2 E (((a^,/jD)")^-|'((PJj«)" + ^[| sgn{^o)(^)~ iIo,Jo,v,J,j,v)-^ sgn(ao)iA)- {Io,Jo,v,J,j,v)]-i77{njjy)-)'\ 

f| (a;jit,)" - ^ sgn(CTo)(A)"(Z), Jo, t;,J,j» - sgn(cro)(A)"(/o, ^0,1^, J,i,i') | ,^s,gn{ao)e~^^{v),no 



A 2 ( {(xjj^,) } ,^sgn(o-o)e^^( 



(2.45) 



2.8 Only the Term with nja-jv = matters 

The remaining integral in eqn 1)2. 45() cannot be calculated in a closed form for the reason that the A2- 
functions prevent it from being a usual Gaussian integral. Moreover, we have an infinite summation over 
{n'jjv)~ occurring in the argument of the exponential function. Therefore we also have to discuss which terms 
in this njo-jc-summation have to be considered and which can be neglected. The problem with completing 
the square in the exponent is, that we will have to continue the Az-function into the complex plane. Since 
A 2 is not analytic in C^, we cannot use a simple contour argument in order to estimate the remaining 
integral. In order to get the integrand univalent, we express A in terms of squares of determinants by simply 
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squaring the usual expression of the determinant in A 2 in eqn (|2.4fl)) and at the same time taking the square 
root out of the squared determinant 



.no 



^{{{^Jjv) +^((PJji.) -Mnjjv) ) + f [sgn(o-o)(A) -sgn((To){A) ] },i sgn(cro)e^,^ (»;), 
= |^[(dct({(xjj„)- + i((pjj„)--i7r(nj,„)-) + f [sgn(5o)(A)--sgn{ao)(A)-]}))^] ^ 

- i^deti^\^{xjj^)- + ^[{pjj^)--iTT{njj^)-) + '^[sga{ao){A)--^^ 



and furthermore using the trivial identity 



(2.46) 



det({(xj,,)-+i?j!i,}) 



exp ( — In 



det({(xj,„)- + Bj°,}) 



(2.47) 



whereby -B^?^ denotes symbolically all the additional terms to (xjjy) that occur in the argument of the 
determinant and we have to use the branch of the ln{z) = Indzle**^) for any complex number z = \z\e^'^ 
with (j) G [0, 27r). With this branch in mind, the integrand becomes indeed univalent on the entire complex 
plane except at the points where det({(xjj„)~ + B^-'^}) = 0. With having a univalent integrand now, a 
contour argument can be found that allows us to move the integration path away from the real hyperplane 
in without changing the result. Consequently, we can complete the square in the exponent now and 
obtain by using 



1 _ / ^ ~ _ 

fiPJjv) + ^ (^sgn(f7o)(A) -sgn(ao)(A) 



jt('^Jji') 



where the shorthands 



(A)- := {A)-{Io,Jo,v,J,j,v) (A)- := (A)- {I^, Jo,v, J, j,v) 



(2.48) 
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were introduced. This results in the following form of the expectation value 



^ loJoKnanv {9,J,<^: 



'^IoJoKo'Tov^{g,J,a,j,L}' 



+« S I] V>JrTjv^iIo,lo,Jo,Jo,'^0,'^0,mo,mo,V,J,iJ,j,v) -| I] E (A(/o,/o. -^0,-^0,0-0,0-0, mo, mo, 1>,J,(T,J») 
veV (J.a.j) v^V {J.rr.j) 



2^30 ' 



30 



E E (njCTji))^ -2ij E E njCTj«(pjCTj« + ^A(/o,-fo, ^0,^0,0-0,00, mo, mo, D,J,(7,jr») 

Ct^u (J,a,j) vjtv {J,cr,j) 



( -2^ E (("Jj«)+)' -4if E ({p,7,.)+ + ^({A)-^(/o,Jo,^,J,J»-{A) + (/o,Jo,i',J,J»))' 



E » 



/ -22^ E (("JjJ")' -4if E (njj„)-((pj,J- + ^(sgn(5o){A)-(7o,Jo,«,J,i,»')-sgn(<7o)(A)-(/o,Jo,f,J,J,f))l 

(J.J) ^ ^ 



E - 

-2 E ((xj^,)-)' 



^'^[{{xjjv) +^{{pjjv) -iT^{nj.jv) )-j sgn(cro)(A) -sgn((To)(A) I , ^ sgn(cJo)e^^^(w), no 



1 



^^[{{xjjv) +Tf{{PJjv) -iTT{njjy) ) + J ^sgn(cro)(A) - sgn(o-o)(A) ^ , - sgn{ao)ej^^{v),no 



1 



(2.49) 



Here we combined all the exponentials that do not depend on njajv of the various edges to a compact form 
summing over v and J,j,cr again. 

In section 10 in appendix we show that the only term that contributes to the infinite sum over {njjy)~ is 
the term with (njjy)" = all other term are of the order 0{t°°). Hence, up to order 0{t°°) the expectation 
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value is given by 



f^mo,no \ 
'^IoJoKo^ov^{g,J,a,j,L}/ 



" {g,J,cr,j,L}'' 

+« S T, 'PjajvMIoJo,Jo,Jo,<^0,^o,rno,fho,v,J,a,j,v) -j T, E {A{Io,Io,Jo,Jo,'^0,^0,mo,fho,v,J,a,j,v)) 
eev (j,tT,j) CSV {j,<T,j) 



6-L 



f)30[l+i^,(p)]30 



7^30 ■ 



'2 E ((s./,.)-)' 



6iu 



AM <! + 7^ ((PJJ^,) ) - J [sgn(ao)(A) - sgn(ao)(A)- 



T 

( <! {S:jjv)~ + ^ + 7 [sgn(ao)(A)- - sgn(ao)(A)- 



-sgn(cJo)e~^(i;),no 
\sgn{ao)eK^{v),no 



(2.50) 



2.9 Expansion of the A 2 -Functions 

Although the expectation value simplifies a lot when considerung the nj^jn = tern only, the integral 

in eqn (|2.50j) cannot be performed analytically due to the occurring Aa-functions. The way out of this 
problem is to expand these functions in terms of powers of {xjjv)~ which yields integrals of the form 
/ d^(xjj^,)~e~^^*-^''j"-' ((xjji,)")'^ with A; G N that can be solved analytically. Here we will use the same 

technique that was introduced in Recalling again the definition of A 2 in terms of the determinants and 
furthermore introducing the dimensionless matrix 



ilJjv) ■■= (PJjv) t~ 



with 



1 

t2~ 



(2.51) 



where = This relation takes its origin in the analysis of the estimation of the disretisation as well 
as the quantisation error. Roughly speaking, on the one hand the discretisation error will be proportional 
to (|)" where n > 0. On the other hand we have the quantum fluctuation that are proportional to 
with m > 0. Thus, the discretisation error decreases when e gets smaller, while the quantum fluctuation 
error increases and might even diverge in the limit e — > 0. Therefore, we can conclude that the total error 
will be minimised for ^ oc 1 2" for some a > 0. The concrete value of the optimal a will strongly depend on 
the fact whether one is interested in a very small classical error and accepts larger, but still finite quantum 
fluctuation, or one wants to keep the quantum fluctuations as small as possible and deals with a larger 
discretisation error, or one takes the point of view that both errors should be treated with equal weight. In 
jl4j a value of a = g was proposed by having made a rough estimate. We do not want to fix the value of a 
here, but rahter keep it as long as possible as general as possible. 
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In any case, with the help of (qjjv) , we can rewrite A 2 as 

(lixjjyy + ^ {(pjjvy) + J [sgn(5o)(A)" -sgn(ao)(A)- }> , ^ sgn(cJo)e^^(v), no 



is / 02 

ih 



det((p)-)| 



det ( 1 + s(g-i)-(x)- + [sgn(cJo)(A)~ - sgn(ao)(A)' 



det ( 1 + + -^s{q-^)- [sgn(5o)(A)- - sgn(ao)(A)-J + i^s{q-^)~ sgn(ao)((5)- „ 



{J,3,v),(KQ,nQ,v) 



(2.52) 



The terms involving determinants can be further expanded by using the following identity: 

det{l + Af = I + 2z'j^ + {z'j^f =: I + with z'a = Tt{A) + ]^{[TT{A)f - Ti{A^)^ + dei{A) (2.53) 
=: ZA 

In our case we have to consider four different A matrices. Let us denote them by Ai := sq~^x + A, 
A2 '■= sq~^x — A, A^ := sq~^x + A + 5 and A4 := sq~^x — A + 6. Thus, we need the explicit expressions for 
^sq-^x+A^ -^sq-ix-A) ^sq-'^x+A+s ^^'^ ^sq-'^x-A+s ™ Order to expand all four determinants contained in the 
two A2 -functions. These explicit expressions are derived in section IdTTI in appendix. 
We then define 



y :— 1 + ^sg-ix+A yi :— 1 + Zgq-ix+A+S 
y:=l + z,g-ix_^ yi:=l + ^,q-i^_A+5 

and due to eqn ()2.53|) . we can express the A 2 -functions as 



and 



1 



T r 



<^ {xjj^) + - {{pjjv) ) + -T sgn(cro)(A) - sgn(o-o)(A) \ , -sgn{ao)eK^{v),no 



02 |det((p) )|' 
ih 



ys -y» 



T r 



^2 ( \ {xjjv) + 7f {{pjjv) ) - J [sgn(cJo)(A) - sgn(o-o)(A) \ , - sgn(cJo)e^^(?;), no 



a2\det{{p)-)\-^ f^i 4 

ys - yf 



-ih) 



(2.54) 



(2.55) 



(2.56) 



In order to continue the calculation we will expand y» ,yf ,ys ,y^ around y = yi = y = yi = 1. Here we 
follow the guideline given in ^HI- The general expansion yields 

A^ {{{xjj^y + ^ {(pjjv)') + ^ fsgn(5o)(A)" -sgn(CTo)(A)"j I , ^ sgn((To)e;^Q(t;), no 



a2 |det((p)-)| 
ih 



k-l 



1=0 



remainder 



(2.57) 
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and similar for the second A 2 -functions where y, yi are replaced by y, yi. Here, we will be only interested in 
the semiclassical limit (leading order) and the first quantum correction (next-to-leading order). Noting that 
t = ip/a^ and therefore h = t/ ko?^ we obtain the following power counting in s for each single A2-function 



( <! {xjjv) + ^ {{pjjv) ) + J [sgn(ao)(A) - sgn(cTo)(A)- 



sT 



(1 + s{x.jj^)- + s^{{xjj.,)-f + 0{sT)) 



1 



sgn(cro)e^g(t>),no 



(2.58) 



The fact whether the s^- or the sT-contribution is the next-to-next-to leading order term depends on the 
value of a. The quotient sT / = t"'^'^ is small aslong as a < \. When a passes the value of \ the 
contribution becomes larger than the corresponding one coming from sT. Similar to ^3] we consider the 
sT-contribution as the next-to-next-to-leading order (NNLO) term. If one wants to work with an a being 
greater than ^ one should replace 0{sT) by O(s^) in the power counting above. Since the expectation value 
contains a product of two Az-functions, we will expand the expectation value up to order (^)^s^. In section 



ID. 21 in appendix is shown that as long as n < no the integral over the remainder when the expansion is rein- 
serted into the expectation value is smaller than the s" contribution. As mentioned in section It). 21 the precise 
value of no will depend on the chosen value of a. In our case, we have to ensure that when expanding up 
to order s" with n' > 2 that "'"^ <C sTs^. This is equivalent to the condition s"^ <^T = from which 

the minimal value of n' can be computed. The result reads n' > For instance for the suggested 

value of a = I in the minimal value of n' is n' = 4 which is well below the value of no ^ 1- Thus the 
error of neglecting the remainder is indeed of higher order in s than (^)^s^. Moreover, when a is coming 
closer to the value of i , the value of n' increases strongly and a carefull analysis whether n' < no is necessary. 



In appendix in section El we derive the explicit forms of the y,yi,y and yi up to the necessary orders. 
It turns out that the lowest contribution in the terms {y — yi) and {y — yi) respectively is already of the 
order sT. The highest order we want to consider is the next-to-leading order term of order {s^T/t). Since 
all other terms occurring in the A2 -expansion are multiplied by (y — yi) and (y — yi) respectively, we expand 
{y ~yi) and {y — yi) respectively up to order (s^T/t) and all the other terms occurring in the expansion up 
to order 0(s^)^. 

The expansion of the A2-functions up to 0((sT)^/t) yields 



A^ ( <! {xjjv) + ^ {{pjjv) ) + J [sgn(cJo)(A) - sgn(a„)(A)- 



a2|det((p)')|- 

ih 



{y -yi){{ /P(i) + (1) {2{y - i) + {yi - y)) 



.(2) 



sgn(ao)eK^^[v),no 



+/f (1) (3(yi - 1)2 + 3{y - l)(yi - 1) + (yi - y)^)) | + OiisT)^/t) 



(2.59) 



and 



A^ <^ {Xjjv) + 7^ {{pjjv) ) 



a2|det((p)-)| 
i-ih) 



T 

1 L 



sgn(o-o)(A) - sgn(o-o)(A)" 



{y-m) < ( f\''{i) + f?\i) (2(y - 1) + {m - y)) 



-sgn(o-o)e~^(v),no 



+/f (1) (3(yi - 1)2 + 3(y - l)(yi - 1) + (y - y)^)) } + 0{{sT)^ /t) 



(2.60) 



^Note, that the proposed value of a = i < i in '14' corresponds to a NNLO-term of order sT. 
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3 Leading Order of the Expectation Value 



Let us summarise the structure of our calculation. The aim is to calculate the expectation value of the 
algebraic Master constraint operator with respect to certain coherent states. We have introduced an 
operator 0^°J^^^^^^ which has the advantage that the expectation value of M^, can be expressed in terms 



no 



loJoKo~^ov' "loJoKoaov By actually analysing 



of a sum over L, Jn Kn, Ig, Jq, Kg of expectation values of (0™'ii"2 _ )^OT'°j 

the expectation value of (O™-""- _ yO^^i^Sr ^, we saw that the so called Az-function occurring in the 
expectation value cannot be integrated analytically. Therefore, we are forced to expand these functions in 
terms of powers as sT/t{l + s{x)~ + s^((x)~)^ + 0(sT)). 

In this section we are interested in the leading order of the expectation value of M„. Consequently, we need 



the leading order of A 2 in order to calculate the leading order of the expectation value of (0™°^"2 _ )'^0^°r"'S' „ „ . 
With the knowledge of the result of the expectation value of (0™~'^ _ )^ ^H^^j^^Koaov finally we are able to 
give an expression for the leading order of the expectation value of M^. 



The detailed analysis of the explicit expressions for y,yi,y and yi which are derived in section El in ap- 
pendix shows that the leading of A 2 is of order sT/t. This is due to the fact that any term in the expansion 
is multiplied by a term of the form {y — yi) and {y — yi) respectively. The lowest order of this terms is sT 
which together with the 1/h oc 1/t in eqn 1)2. 59() and 1)2. 60|) respectively combines into terms of the order 
sT/t. The explicit expressions are given by 



y -yi 
y-yi 



sT 



-sTsgn{ao){q 



= -sTsgn{ao){q . 

sT Kono 



(3.1) 



Hence, the leading order expansion for the A 2 -functions are 



A 2 [J^iijjv) + ^ {{pjjv) ) + J [sgn(ao)(A) - sgn((7o)(A)- 

3 1 

a2|det((p)-)|4 / X/ -u- 

= ^ /i (1) [-sTsgn{ao){q 



■sgn(cro)e^g(v),no 



(3.2) 



and 



^ ^^Jj^^ + ^ i^PJ^^^ ) ~ I [sgn(cTo)(A) - sgn((7o)(A)- 



T 

1 



{—in) 8 V 



-sgn(cJo)e^^(T;),no 



(3.3) 



We know that the expectation value of [0^°~"'~ _ V contains a product of these two leading 

order A2-functions. Consequently, the leading order of the expectation value will be of the order 0{{sT /t)"^ . 
Reinserting the leading order A 2 into the expression of the expectation value of the [0^°~^~^ _ ^ToJoKoaov 
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leads to 

(Q^ofio qft Qmo,no \ 

^ loJoKoaov {9,J,<^,3M loJoKoaov {g,J,a,j,L}/ 



E E <fij<,jv^{Io,Io,Jo,Jo,'To,'ro,mo,mo,v,J,a,j,v) -| E E {'^(Io,Io,Jo,Jo,'To,(To,mo,mo,v,J,a,j,v)) 

veV (J,cT,j) veV (J,a,j) 



(^)30[1 + K,(p)]30 



V V 2 , 

2 



E E V'JCTji;'^(-^o,-^o,^o,^o,o'o,o'o,"io,mo,f j^jfjiii) 

iieV (J,a,j) 



e 



eL 



In the last step we expanded the exp-function 

-| E E {^(Io,Io,Jo,Jo,cro,ao,mo,fho,v,J,a,j,v)) 



(3.4) 



e 



= 1-^X^X1 {^i^oJo, Jo, Jo, (^o,cro, 1^0,1710, v,J,a,j,v)j + ... (3.5) 



■ vev (J,<7,j) 



and took only the first 1 in the expansion since we are collecting terms of order (sT/t)^ only. Finally, we 
use the above result in order to build the expectation value of out of it. This yields 

, . , J MJ , . 



l^t l|2 

E E E E 

IqJoKo IqJoKo ^^0-+,- <To=+, 



K , 

2 



|- / 3 \ / || 2 +« E <pjajv^{Io,Io,Jo,Jo,(To,To,mo,mo,v,J,a,j 

V ^0=1 / V / 

(^/[)(1)) (sgn(ao)(g-i);^„„J (sgn(5o)(«-^)^^^J } + 0{isT/tf) (3 



4 (One) Semiclassical Limit of Algebraic Quantum Gravity 

Recall the philosophy of Algebraic QuantTim Gravity: On the algebraic level we have an algebraic Mas- 
ter constraint operator M which acts on algebraic graphs a. Furthermore we can define coherent states 
associated with an embedded image 7 = X{a) of the algebraic graph. Hence, when the coherent states 
enter the game, the missing information such as the topology, the differential structure and the background 
metric to be approximated are encoded in these coherent states. This has the consequence, that Algebraic 
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Quantum Gravity has not one single semiclassical limit, rather for each set of coherent states that represent 
a different topology, a different differential structure and a different background metric to approximate the 
semiclassical limit will be different in general. 



4.1 Comparison of the Leading Order Expectation Value with the Clcissical (Discre- 
tised) Master Constraint 

In this section wc want to show that the leading order of the expectation value of the algebraic Master 
constraint with respect to the coherent states used in the calculations can indeed be interpreted as the clas- 
sical Master constraint of General Relativity. Hence, we can demonstrate that there exists coherent states 
such that the semiclassical limit of Algebraic Quantum Gravity reproduces the infinitesimal generators of 
General Relativity. Thus, the problem whether the semiclassical sector includes General Relativity, that is 
still unsolved within the framework of Loop Quantum Gravity, is significantly improved in the context of 
Algebraic Quantum Gravity. 

In order to show that the semiclassical limit of the expectation value of the algebraic Master constraint 
with respect to these coherent states associated to a cubic graph a is the classical Master constraint (asso- 
ciated with a cubic graph), we will use three steps. 

1. ) Recall that the coherent states are labelled by the so called classicality parameter t. Thus we will take 

the limit lim^^o < M >t in order to substract the semiclassical limit out of the expectation value. 

2. ) We will show that limt_o < M >t= E ^7^^ =■ ^'^^'^ whereby M^"^^^ can be interpreted as a 

v&E{a) 

discretised version of the classical Master constraint on a lattice with cubic symmetry, i.e. a cubic 
graph with infinitely many edges. 

3. ) We will investigate the limit of M™***^ in which we shrink the lattice length e to zero and show that 

this limit is exactly the continuum expression M, i.e. the classical Master constraint. Note, that 
since M™''*^ does not depend on the lattice length explicitly due to the fundamental background 
independence of the theory, this limit is rather easy to take. 

Stepl: 

This was already done in the last section when actually calculating the leading order contribution of the 
expectation value of the algebraic Master constraint operator M. We therefore take the result of the last 
sections as our starting point and proceed with step 2. 
Step 2: 

The discretisation of the classical Master constraint on a cubic graph is given by 

3 



M 



cubic 



v&V{a) H=0 



where 



^ g 1 

IqJoKo ao=+,- 



1 



IoJqKo ao= 



where Va^v denotes the dimensionless volume of a cube centered around the vertex v with edge parameter 
length e. These cube can be parameterised by an embedding : [— f,+|]^ — cr with (t^,t^,t^) i— 



22 



X^{t^,t'^,t^) and -^^(0) = v. The dimensionless volume can be expressed in terms of the dimensionless 
fluxes pjajv 



_ / f Pl+jv - Pl-jv\ f P2+kv - P2-kv\ f P3+lv 



P3-lv 



(4.3) 

Recall that in our notation pi+jv denotes the dimensionless the j component of the flux through the surface 
'^e+('!;) Introducing {pjjv)~ '■= \ {pj+jv — PJ-jv) the volume can be reexpressed as 



(4.4) 



We will show 



Va,v = y\det{{pjjy) )| 

— K — —1 

hioJo'^orr^ov^^o'^o'''>v{{hKoaonov)~^,Vci,v} = 'i'-^hpj^jomoaov l^^^iiPJ^jv)')]" [{PKoC7onov)~] (4.5) 

(4.6) 



, where 

The classical Poisson bracket reads 



(4.7) 



We have 



5{h 



1 



ocronov 



SVa,v{{pjajv) 



I j dteZmX^{t,z) 



1 



^ |det((p,,,)-)|-^ sgn(det((p,,„)-))^^^^ 



Recalling 



we obtain 



(4.8) 



(4.9) 



6det({pjjy) )_det({pjjy) 



SEiiz) 



2a2 



-iPiiv) 



(fun^4{ui,U2)d^5f6{x{u),z)- I cfun^^i {ui,U2)6^df6{x{u), zfj 



(4.10) 



Thus, we get 

^ 1 

= 8^ VoJo^o-o" |det((pjj«)")|"^ sgn(det((pjj^)-) det((pjj^,)-)(p7>) 
1 1 



[jdt j d\e^^(i)n/^(ni,«2)5(x(t.),z)4(5i(5^(5,«- j dt j d^ue'^j^^{t)n:' {u,,U2)5{x{u),z)5l^5i5l5t) 



s 



s 



^{Ko,ijQ,no,v){I,+,i,v) 



\Ko,ao,no,v){I,-,i,v) 



^^ftoJo-o-o" |det((pjj„) )|^sgn(c7o)(p;f^„^„)" 



(4.11) 
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Consequently, we have 

(H-oJo^o'^oJ ^^^^o^o^o^ (|det((pj,-,)-)|3) sgn{a,){p],l^J- sgn{ao){p~l^J- 



8^ 



2 



(4.12) 



From our semiclassical calculation we get 



'~^IoJoKoaov^{g,J,a,j,L}/ 



+* I] Y, <fiJcrji>^(IoJo,Jo,Jo,o-o,o-0,mo,mo,v,J,a,j,v) 3 

= e " (^_|det((pj,,)-)|4 



(-sr)/«(l)sgn(cTo)((g-i)-)xono(-^r)/«(l)sgn(5o)((g-')-)^„^„ (4.13) 



Therefore, we have to show that the result above agrees with the expression in eqn (|4.12j) in order to show 

the correctness of the leading order. 

Using 



we obtain 



loJoKoa-QV {g,J,(T,j,L}' 



3 \ 2 +« I] Y. 'PJajvMIoJo,Jo,Jo,o-0,o-o,'mo,mo,v,J,a,j,v) 

— 1 e " |det((pj,„)")hi'" 

(-.r)/« sgn(ao)(p^:„„J-(-.r)/[) sgn(ao)ip~l^J- 

det((pjj.)-)|^ 



8 - - 8 Kono 

i X 2 +i E E 
t^"a2 \ (J,<T,j) 



2^ 3 \ 2 +« E T, ipj,TjvMIo,Io,Jo,Jo,cro,<ro,mo,mo,v,J,a,j,v) 



^' sgn(ao) {{pKonovyy^^sgn{ao) ((Pj^^no^') ) 



(/,9 3 \ 2 +i E E 'PJiTjvMIo,lo,Jo,Jo,'^0,'^0,'mo,mo,v,J,cr,j,v) 
4?j ' " l<iet((w>)-)h 

sgn(<Jo)(p;;„„„)-sgn(<J,)(pTl___j- 

/ 3 \ 2 +* E I] VJ<yje^iIoJo,Jo,Jo,o-o,o-o,rno,mo,v,J,a-,j,v) 

e " |det((pj,g-)|^ 



sgn(ao)(p^;„^J sgn{ao)ip~^^^J (4.15) 

whereby we used in the second line s = t2~"^ T = ta , in the third line ta^ = ip and in the last step the fact 
that K = (l/h. 
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Using the explicit definition of A(Io, Iq, Jq, Jo, Cq, Cq, ""t-oj itt-o, J, a, j, v), we get 

+* I] Y, VJajv^iIoJo,Jo,Jo,<^0,o'0,rrio,fho,v,J,a-,j,v) 

e 



g-*(</'Jo°"0™0"+'^/o<'0'"0''+<^0-^~'^-'^0''0'"0"+'^Jo<Tomoi.+<To/o) 



/i"^ /ifl, , (4.16) 



Finally, 



' 3 \ 2 

Ka2 \ 



8a2 ; ^^^V.o-o.''^^o^«--o" |det((w,.)-)|^sgn(ao)fe;„„J-sgn(ao)(p~;_.^^J^ 

1 \ * „ 1 
-1 _ rr.-l t^2 t I „^^i,_ rj,-l t/2 1. 

(4.17) 



Therefore the basic building blocks of the leading order reproduces the correct classical building blocks of 
the classical disretised Master constraint. Thus, the semiclassical limit of the algebraic Master constraint 
can indeed be interpreted as the discretisation of the classical Master constraint on a cubic lattice, since 
the discrete Master constraint differs from the expectation value of (O™-*^ _ )^ ^l^'joKoaov o^ly by an 

additional summation over Jq, Jq, -K^oi -^O) <^^ Kq, do, ctq and a multiplication with (i/2)^. The same summation 
and multiplication has to be performed on the classical side as well, thus we have shown that each summand 
in the sum has the correct semiclassical limit 

^ {g.J.o-J.^I ' ^ ' {9,J,'^,J,L}' _ ^cubic -j^g-j 

and therefore, we are done with step two. 
Step 3: 

The last step that remains to show is that the discretised version of the classical Master constraint M'^"^*'^ 
yields the continuum constraint when we shrink the parameter interval length e to zero. For this purpose 
we will expand the discretised Master constraint M'^"^*'^ in terms of powers of e. Recall the form of M'^"''*'^ 



M 



cubic 



. \ 2 o 

I flf V V V V V JoJoKoJoJoKo[(x ^ I V ~ ~ 

I Z^ I \^"mo,"o"mo,no / t^ompno t^ompTic 

veV(a) loJoKo igjgKo ^^0=+'" 5^0=+,- 4=1 
1 1 ~ 1 ~ 

3 

V V V V V e^oJoKoJoJoKo( s~ ~ +S"e, u~~ 

/ , / , / J / , / , *^ \^Wmo,no"mo,no / , t^omono tfomprao 

v^V{a) IqJoKo IoJqKq f^0=+,- ao=+,~ 4=1 



3 \ 2 

a2 \ 



2a 



2 



sgn((Tn) sgn((Tn) f - 1 hi^, , |det((p7o,;) )\^ (PiJ'„ (p~^_ Y 



(4.19) 

whereby we used the result derived in step 2 in the last line. The first thing we do is reexpressing {pKonov)~ 
in terms of pKo+nov and PKo-nov The relation is given in eqn 1)6.21) . Inverting this equation then yields 

PKo+nov — nov) + {PKonov) 

PKo—nov — (PKonov) - (PKonov) (4.20) 
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So, for a general ctq G {+, — }, we have 

Now, we have to express p^^^ n terms of PKocronov- The relation is given by 



— 1 1 PMaomvPNaonv 

PKoaonov " 2^^°^^^"°"*"~det(pj^^^^ 

2 ipMao fpNao 

^ mv nv 



2 -^o^vn^^nomn ^jg^^^Jao) 



(4.22) 



where we introduced Ej^ := J Ua "-'^"'' E'^ . Analogously, we get 



^PKonov) - 2 ^^oMiV6nomn det(£;^+) ^ det(£;^-) 



(4.23) 



Now, we expand the loops and the fluxes in powers of e. With the orientation of the edges we have chosen 
and explained at the beginning we have 



hpioJo+mov - ^h+mov o hj^_^^^^^f^ o h^^^^^^^^^j^ O hj^j^^^ 

It f o . o h~i^ 

Jo-mov-Io 7p_TO(,„_jp Jo-mov 

Thus, the expansion yields 



hpioJo-mov = hio-mov o hj^_^^_f^ o h \ J o hjl_^^^ (4.24) 



h-.} . ^1- s^{ao)e^Fp {v) + 0{e^) = 1 + ^ s^{ao)Ff\ (v) + 0{e') (4.25) 



and for the flux 

E^v= J n^'''^E-^^^El^{v)e^n^^'^\v) + 0{e^) (4.26) 

whereby wc introduced the shorthand Ua ^° ("f) = n^°'^°{v). The determinant of the fluxes is therefore 
approximated by 

det(£;/^^o) K det{E'^{v)e^ni''°{v) + 0{e^)) = e'^ det{E'^ {v)) det(n^^o(v)) + O(e^) (4.27) 

Due to the fact the dct(n;^+(t;)) = — det(n;^^(w)), we conclude that (p^ono'y)''' vanishes in the leading order, 
because the two terms cancel each other exactly. Therefore, we get 

^^<-^)(PKonov) -Y'KoMNe det(E^(.)) det(n^ (.)) [^TW)) 

- ,non.n. (t.)nf (^)£;^ (.)n^-° (.) f I + 0{e') \ 
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Reinserting the expanded terms into M'^"''*'^ we end up with 

1^ cubic 



E E E E E 

veVia) IqJoKo /„ JoXo ^^0 = 



^IoJoKo^IoJoKq 



+ Yl e^monoQomoHo) 



■ 0-0 = 



(i 



0(6^)) 



a2 



1 + 6^ sgn{a,)Fll{v) + O(e^) j (1 + sgn(ao)e^F-j^(^) + 

l + 0(e2) 



3 1 3 

det(E,")det(n^^o) ' +0(e^))f^ det(^") det(nf °) 



fRoMN^ 



nomn 



det(£;«(z;))|det(n^["«(?;))| 
det{E^{v))\ det(n^'^°(t;))| V^^ + ^(e^ 



£2 + 0(e4) 
l + 0(e2) 



Let us consider the summation over Io,Jo, Kq separately 

= 2sgn,..,.=F-(.).™".«sgn(..).^"<"'"»™'"'^»<"'""™'"' 



det(^»(i;))|det(n;^"» (?;))! 



det(£;j'(t;))|det(n^"°(^;))| 
In the last step sgn^^u^) = 1 was used. Using F^%{v) = F^°{v)^^^^pf - we obtain 



l,j,Ko detiE-iv))\detini'^%v))\ 
" "^^ ^ det(4(.))|det(nf°(.))| V ^ ^ dt^o J 1,"^ ^ ) 



Taking advantage of the identity 



det 



we immediately see 



det«'^°(^)) 



det 



dX^'iv) 



Consequently, the two last terms cancel the | det(nj'^°(u))| in the denominator and we have 



2^6 (^l + sgn(ao)6F,„,„(.)j6;,„Miv6 sgnK) ^^,^Env))\det{ni'^'^{v))\ 



IoJqKq 

deiiE'iiy)) 
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Reinserting the result of the summation over Iq, Jq, Kg and Io,Jo, Kq respectively into the expectation value 
of M^^**'^ results in 



M 



cubic 



4 



H ( 



\dei{E''.{v))\-2 

[e^'^''F2^{x)E-^{x)Ei{x)\' \ 
(Vdet(g(x)))3 I 

, (x) > 



/'».^ z?™-0 („,\^nnfhn jpa /„,\ jpb 



2 0^ \ 



M 



det 



i + Q(g) 

2\ 



(Vdet(<7(x)))3 



(4.35) 



Here, as a first step we performed the sum over (Jq, cto which leads to a factor of 4 and cancels the |. Secondly, 
we used | det(£'?(f))| = | det{q{v))\ and finally in the limit e — > we replaced 



det 



(4.36) 



and realised that all terms above the leading order in e vanish in the limit e — > 0. 
Finally, summarising step l,step2 and step 3 we have proved the following identity 



/vl>' I M I ^I"* ) 

\ (H,ml I a.m/ 

TP** \P 

II a.mW 



E 

v£V(a) 



' {g, J.CT.J.-C-} ' ' {g,J,a-,J,L}' 



11** l|2 



lim 



M 



cubic 



H lim 



lim 



(4.37) 



This equation has to be understood in the following way. We have calculated the expectation value of 
the algebraic Master constraint with respect to coherent states. These states carry a classicality label 
t (X h. When taking the limit lim that corresponds to lim we obtain an expression that can be identified 

with a discretisation M'^"^*'^ of the classical Master constraint M on a cubic lattice. The parameter of this 
discretisation is e, the so called parameter interval length. Considering the limit lim, we showed in step 3 



that M 



cubic 



coincides with the classical Master constraint M. 



The Next-to-Leading Order Contribution to Expectation Value of the 
Algebraic Master Constraint 



In this section we will discuss the next-to-leading order term of the expectation value of the algebraic Master 
constraint operator M^,. As before, our first task to do is deriving the next-to-leading order terms of the Aa- 
functions. These are the terms denoted by {sT/t)s{x)~ and {sT /t)s'^{{x)~)'^ in the power counting eqn (|2.58j) . 
The derivation for the expanded Aa-functions up to 0{s^{sT /t)"^) can be found in section El iii appendix. 
The product of these two A2-functions that is entering the expectation value of (O™-^ _ )^^io^o^oo"of 
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then given by 



(J^ixjjv) + ^ {(pjjv) ) + J [sgn(ao)(A) - sgn(ao)(A) 
({{xjjy)- + ^ {{pjjvr) - y [sgn(5o)(A)- - sgn((7o)(A)- 



sgn{ao)eK^{v),no 



-sgn((7o)e~^(u),no 



a2 1 det((p)" 



(sTf 



Mm\^)Nn 



(1))' + .(a;)^^C^- (s/P) (1)) 



Mm,Nn / /i ^(l)n^ ^(2)/ 



+0{s''{sT/tf) 
where we introduced the shorthands 



4/i'^(l)/r(l) ) + C^^"^C'^'^ I 40/f + 32 ( fY\l 



.2(.T/t)2) 

(5.1) 



Mm,Nn 



2(9"^)Mm(9"^)]vn - (9"^)Mn(9"^)iVm 

sgn(ao)(g-^);^y„^ 



c 



(5.2) 



and 

s2(srA)2) 

structure 



denotes that only terms up to order s'^{sT/t)'^ are considered. The expansion has the following 



— j (ao + ais{x)- + a2S^{{S:yf) {Po + (3is{x)- + p2S^{{xyf) (to + 7is(5)" + 72S^((i)")^) 



ao/3o7o + s ((x) ) [02 (/3o + To) + P2 (72 + "2) + 72 ("o + Po) + ctiPijo + aiPoli + Q;oA7i] 
+lm{{x)-) + Ois\sT/tf) 



(5.3) 



whereby lin((x) ) denotes all terms linear in (x) which we do not show in detail as they will not contribute 
to the final result, because they vanish when integrated against the even function exp( — 2((x)^)2). The 
integration of A 2 multiplied with the Gaussian exp(— 2((x)^^)2), which is contained in the expression of 



the expectation value of [0^°j^^2 _ )to 



mo, no 



loJoKoaov' loJoKoaov 



yields -^7r/2 for the zeroth power and (9/4)v'7r/2 for the 



■| E E {MIo,Io,Jo,Jo,'^o,'^o,mo,mo,v,J,a,j,v)) 

veV (J,a,j) 



second power in (x)^^ respectively. Note that we have a factor e 
in the expression for the expectation value. Therefore we have to expand this function in powers of t. The 
linear term in t leads to a term having a minimal order of {sT)'^/t. This order is already smaller than terms 
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of the order s^isT/tf, because [s^isT/tf] [t/{sTf] = /t = l/i^" > 1. Fortunately, we can neglect 
the linear term in t in the expansion of the exp-function. We refrain from listing the explicit form of the 
expectation value of (O^'h"'- _ )^ ^H^'joKoaov ^^^^ which can be found in sectionElin eqn ()F.13|1 and discuss 

directly the final expression of the expectation value of M given by 



(^{g,J,a,j,L} 



M I ^ 



{g,J,a,j,L}' 



S E_ E X 

v£V(a) |_/o^O-?^o /q jQi^-Q <^o— (70=+,- 

3 



^ ^ I "mo, no "mo, no ^ / ^lomono^tomono 

£0=1 



4a^|det((p)-)|4 \ ^^^^2^ 



+« E 'PJiTjv^iIo,Io,Jo,Jo,o'o,<yo,mo,mo,v,J,<T,j,v) 



-c 



Mm,Kocr()no ^Nn 



3! 



^Koaoi^Mj ^Nk _j_ ^Koaoj ^Li^Nk _|_ ^Koagk^Li^Mj 



2 3! ^■'^ 



-nomn*- 



_j_ ^(^^oo-ono(^Mm,Koo-ono _j_ (^-fS'oo-ono^Mm,ii'ocrono^ ^A^n ^gy^^) (^X)/''^'' (1) J _|_ (^A^ni,^foo'onO(^A^m,^00-ono | 

+0(s2(sT/t)2) 

From the above result one can conclude that the magnitude of the quantum fluctuations (NLO) compared to 
the leading order (LO) adopts an additional s^-factor , because NLO/LO oc s^. Recalling s = i2~", we can 
conclude that as long as < a < ^ and t is a tiny small number as assumed through out all the calculations 
the quantum fluctuations are finite and small compared to the LO-term. 

With this in mind, we could proceed similar to the discussion of the LO-term and rewrite the quantum 
fluctuations as times a discretised integral over certain powers of the fluxes and the field strengths. In 
this work we are not interested in the precise value of this Riemann sum, rather in the question whether it 
is finite. Hence, as long as we choose a < ^, this is indeed the case, because the C'^oo'o^ (^A/m^ ^Afm,Afn 
(jMm,Kocro g^],g or order unity since (q^^)^ is of order unity by consruction. 



6 Conclusion 

In this paper we investigated the semiclassical limit of the (extended) algebraic Master Constraint operator 
M associated with an algebraic graph of cubic symmetry. We showed in detail that the leading order of 
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the expectation value of M with respect to coherent states can be interpreted as the discretised version of 
the (extended) Master constraint operator on a cubic lattice, denoted by M™**^. In a further analysis, we 
proved that M™**^ agrees with the classical (extended) Master constraint M in the limit where the lattice 
parameter interval length is send to zero. Hence, we have the following identity 



II a.mll .. r / . \ II ( n ..J.(7.-i. rA +,n 



+ 



(6.1) 



whereby t is the so called classicality parameter and the limit t ^ corresponds to extracting the leading 
order out of the semiclassical expectation value. The second limit e — > denotes the transition from a 
discretised into a continuum theory. 

Consequently, we have shown that the dynamics of AQG which are encoded in M reproduce the correct 
infinitesimal generators of General Relativity. 

Furthermore, we discussed the next-to-leading order contribution of the expectation value of M and could 
show that these quantum fluctuations are finite. A more detailed analysis of the quantum fluctuations will 
be postponed to future research. 
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A Application of the Poisson Resummation formula 



The aim of this work is to discuss the semiclassical behaviour of the algebraic Master constraint, thus we are 
mainly interested in the properties of the expectation value in eqn ()2.35|) for tiny values of the classicality 
parameter t. Looking at eqn 1)2. 35|) . tiny values of t will correspond to a slow convergence behaviour when 
considering the sum over nj^^jy. Therefore we will perform a Poisson resummation in which t gets replaced 
by 1/t. Then the series converges rapidly when considering small, tiny values of the classicality parameter. 
Let us introduce the following quantities 



Vt 



with the help of whose all quantities can be expressed in terms of xj 



ajv 



>^^{{njajv}) = T-4A2({rnj,j4) = T"! ({xj,j4) (A.2) 
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and the expectation value can be rewritten in terms of xjajv as 



loJoKoaov {g,J,a,j,L}l 



T-l 



- Y, Y, PJcrjv^{Io,Io,Jo,Jo,cro,ao,mo,mo,v,J,a,j,v) +i Y, Y <fijr7jv^{Io,Io,Jo,Jo,To,o-o,mo,mo,v,J,a,j,v) 

v^v (J,<7,j) v^v ((J,cr,j) 



-2 Y Y {'^{lo,Io,Jo,Jo,(^o,^o,mo,mo,v,J,a,j,v)) 

v^v (J,a,j) 

{■^PJcrjv+TA{Io,Io,Jo,Jo,o-o,o-o,mo,mo,v,J,a,j,v)^ 

EVjiv (J,<J,j) 

( — Y PjCTjv^{-^o,^o,'^o,^o,o-o,cfo,"T'0,"jo,'y,-^,o-,j,'y) +i Y 'PjCTjv^{-^o,^o,^o,Jo,o-o,cfo,"T'0,"^o,'!',-/,o-,j,'y) 



I Y {A{Io,Io,Jo,Jo 



Y (^Jo-jd) -Xja-jv{j^PJajv+TA(Io,Io,Jo,Jo,<JO,(^0,mo,mo,V,J,CT,j,v)) 
(J,<',3) 

eLy 



( - TA(Jo, 7o, Jo, Jo, cto, ao,mo,fho,v, J, a,j, v)} 



(A.3) 



-A2 (^{xjajv -T{A{Io,Io,Jo,Jo,<^o,cro,mo,mo,v,J,a,j,v) + ^(j,a,j»,(Ko,ao ,So, ) 
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Since the first three exp-functions are not involved in the summations, we can rearrange the terms considering 
V ^ V and v = v together again 



loJoKoaov {g,J,a,j,L}' 



mt 112 

I {g,J,(7,j,L}\\ 



\\^{g,J,a,j,L}\\ 

— J2 12 PJa3v^{Io,Io,Jo,Jo,<7o,ao,mo,mo,v,J,a,j,v) +i (pjajijA{IoJo,Jo,Jo,<^o,o'o,rno,mo,v,J,a,j,v) 

veV (J,cr,j) veV ((J,a,j) 

veV (J,cr,j) 

e e-^ 

/ - I] I] {xjajv) -xja^jv{j;Pjajv+TA{IoJo,Jo,Jo,(To,'^o,rno,mo,v,J,a,j,v)y 

v^v (J,a,j) 



{§!PJcrjv+TA{Io,Io,Jo,Jo,o-o,o-o,mo,mo,v,J,a,j,v)^ 



(A.4) 



where we introduced 



A2 (^{xjajy},e'^^{v),no^ := T 4 A2 ({xjaj^}) - A2 {{xjajv + TS^ 



J{J,a,j,v),(Ko,aQ,nQ, 



.)})! (A.5) 



in order to keep the expression as short as possible.Moreover, the denominator can be reexpressed as 



I* 



u.m\?= n vf'-«-">°[i+^.(p)i=(\/f)"e 



T E E (pj<Tjc)^ 



veV (J,a,j) 



[1 + Kt{p)f'' (A.6) 
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Here we get a power of 30 since we have ten edges involved and each edge has 3 labels. 
Inserting the expression for the norm above, we get 



loJoKoaov {g,J,a,j,L}/ 



{g,J,a,j,L}i 



f)30[l + i^,(p)] 
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veV (J,a,j) 

-e Si 



veV (J,cT,j) veV ({J,cr,j) 



-| E Yj (MIo,Io,Jo,Jo,cro,'^0,mo,mo,v,J,(T,j,v)) 
veV (J,a,j) 



( -EE (a;jCTji;)^— 2;jCTj5(f;PJ(Tjii+T'A(7o,^o,^o,./o,CTo,cro,Tno,"io,t',^,<'',i,i5))^ 

Evi^v (J,a,j) 

/ 

E 



{^Pjajv+'rA{Io,Io,Jo,Jo,'ro,o-o,mo,mo,v,J,a,j,v)) 

(J,<',j) 



A2 (^{xjajv},e'^^{v),no^ Aa (^{xjajv - TA{Io,Io,Jo, Jo,cro,(To,'rno,mo,v,J,a,j,v)},e'^^^{v),no^^ 



(A.7) 



The Poisson resummation formula reads 



(A.8) 



In order to apply these formula we need the Fourier transformation of the following functions 



+TA{Io,Io,Jo,Jo,o'o,<7o,''no,mo,'v,J,a;j,v)^ 



eLy 



A 2 {{xjajv], eS^(,(^)' "o) ({a^Jtrji; - T/^{Iq, Iq, Jq, Jq, ctq, (Tq, "^o, "^o, cr,3, v)}, e^^ (t'), 

(A.9) 



- _E E {xjajvY +TA{Io,Io,Jo, Jo,cro,'^o,mo,mo,v, J,cr,j,v) ) 

VT^V (J,(T,j) 



It is simply given by 



(27r) 



18 



{j:Pjcrjv+TA{Io,Io,Jo,Jo,'^o,'ro,mo,mo,v,J,(7,j,v)) 



(A.IO) 



A2 {{xja3v},e.''^^{v),n^ Aa (^{xj^^j^ - TA{Ia,Io,Jo,Jo,cro,CFo,ma,mo,v,J,a,j,v)},e'^^^{v),n^ 
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and 



1 /" 10 v^veV (J,a,3) 

Ri2 



~ 2 E (^^Jctjc) -xjajv{j=Pjajv+TA(Io,Io,Jo,Jo,<^o,cro,rno,rno,v,J,a,j,v)^ 

V^V (,/,(T,j) 

+ E E pjcrj«A(/o,?o,Jo,Jo,o-o,5o,mo,rno,-u,J,CT,j,{;) +|- E E (PJajv)'^ + E E (kjajv)^ 

v^v (J,t7,j) v^v {J,a-,j) v^vEV (J,ct,j) 



I E E {A{Io,Io,Jo,Jo,o-o,(To,mo,mo,v,J,a,j,v))^ - Yl E (pjCTj,;+^A(7o,^o,J'o,J^o,o-o,CTo,mo,mo,'y, J,CT,j,t;)) 

g ^L\Ly 

- E E fa;jerj5-5! (pjCT3ii+^A(7o,?o,^o,Jo,CTo,cfo,?no,^fio,'y,^,<^j\S)-r^ 



(2vr) 



1 /" -,0 ■DyS'uev (j,<T,j) 



12 



12 



(27r)i2 



g eL\Ly g eL\Lv 



(A.ll) 



The last line follows from the fact that the integral is a usual (complex) Gaussian integral that can easily 
be performed. Thus, 



/ 



/ 2Trnjaj, 



jp X] ^ Jajv'^Jajv 



{2n) 



+TA(/o i-^o , Jo , Jo ,0-0 ,CTo ,mo ,mo .u, j» ) 



(J,o-,j) 

Sit, 



{{xjajv}, (^^), ?^o) A5 {{xjajv - TA{Io, lo, Jo, Jo, CTo, ?o, nio, rho, v, J, a, j, v)}, e^^ (v), Wo) 

- E {xJajvY-J^XJajv(pJajv+^A{IoJo,Jo,Jo,o^o,'9o,mo,mo,v,J,aJ,v)-innJcrjvj 

({a::j(Tji;}, (^^), ^o) A^ (^{xj^^^ - rA(7o, lo, Jo, Jo, c^o, 0^0, ruo, rho, v, J, cr, j, v)}, e^^ (^^), no) 

(A.12) 
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and 



+ p,jaji,'^{IoJo,Jo,Jo,<^0,^0,mo,fho,v,J,(7,j,v) +J T, T, (PJcTji,)'^ 



(2vr) 



12 



+ 1 S E (A(/o,/o,^o,./o,fTo,o-o,mo,mo,-!;,J,(Tj,-C))^ 

,2 



— T, T, ("./.Tjc) -2«j 5] T, nj^ji,(pj^ji, + — A{Io,Io,Jo,Jo,f^O,'^0,mo,mo,v,J,a,j,v)\ 

v^v {J,a,j) v^v {J,cr,j) 

eV sL\Lv g eL\_L„ (A. 13) 



Additionally, we have to Fourier transform the expression in the denominator as well, thus the application 
of the Poisson resummation formula leads therefore to the following expectation value 



^hJoKoaov^ {g,J,a,j,L}l 



l^i l|2 



12 



f)30[l + i^t(p)]30 



&V (=L\Ly 



E E {n-jajvY -2if Y, E "JctjS (pj<Tjii + ^A{7o,-fo,^0,-/o,o-0,cro,mo,mo,^,^,o',j,{))y 



/ - E PJ:7jvMlo,Io,Jo,Jo,(^0,(ro,mo,mo,v,J,<T,j,v) +i Yl V'J:7jvMIoJo,Jo,Jo,(^0,<^0,mo,mo,v,J,<T,j,v) 



-| E (A(/o,/o,Jo,Jo ,o-o,o-o,mo,mo,i),J,(T,j») -J J] (pjo-jd) 



E ' 



^ E (rtjajv)'^ -2jf E "jCTju(?5jCTju+^A(/o,-fo,^0,^0,o-0,o-0,n*o,mo,-!;,J,o-,j,-5)) 



- E (^VCTju)^-|Ta\7CTji,(pjCTji, + ^A{7o Jo,-'o,>/o,CTo,CTO,mo,mo,-u, J,crJ,-u)-j7rnjo-j„") 

,18 



A2 ( e^^^ (w), no ) A2 ( {xj„j^ - TA{Io, Iq, Jo, Jq, do, CTq, mo, mo, J, cr, j, u)}, e*^"^ (v), n-o 



(A.14) 



B {xjjv) -Transformation 

Furthermore, similar to we introduce another transformation of variables that reduces the 18-dimensional 
integral down to a 9-dimensional integral times another 9-dimensional integral which contains no Aa- 
functions. 
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This transformation leads to 18 new variables called (xjjv) and {xjjv)~^ which are defined by 

i^Jjv) ■■= '—^ , {xjjvF ■= (B.l) 



Xj+jv 


Xj—jv 


2 




and pjajv 


undergo 


_ nj+jv — 




2 




._ PJ+jv - 


PJ-jv 



[njjy) .= , [njjy) := 

(pjjv) ■- ^ , (pjjvy ■- ^ (o-2) 



The corresponding transformation for the Kronecker-(5-function reads 



■sgn((To)((5) 



(J, + ,j,v),(KQ,af),nQ,v) "( J,- , j.u) , (Kq ,<tq .np ,d) 



j,v),{KQ,no,v) 

^sgn(5o)((5)-,„)(^^-^„, 



The Jacobean of this transformation is simply 

dXjfjjy 







2 






-,3,v),(K,aQ,nQ,v) 


+ ^iJ,- 


>J.'')>(ifO''^0'"0''') 






2 

) - ^{J, 






-,J,i'),(^0'5o,"0.'" 


2 


-,J,i'),(^0'5o."0.'") 


2 



(B.3) 



dct 



^ = 25'^*"^(^J<^j'') = 2^ (B.4) 



The corresponding transformation for the A-functions can only be given when decomposing 
A(/o, h, Jo, Jo, <7o, 5o, ■mo, fho, V, J, a,j, v) again into A(/o, Jq, cTq, mo, f , J, cr, j, arid A(/o, Jq, cTq, mo, v, J, a,j, v) 
since we cannot factor out a global sgn((T) factor due to the fact that A(Io, Iq, Jq, Jq, (Tq, Jq, m^ fho, v, J, a, j, v) 
contains ctq and 5o- 

A(/u, Jo, Jo, Jo,(To,ao, mo, mo,v, J, a,j, v) := A(/o, Jq, (Tq, m^ v, J, a,j, v) - A(/o, Jq, CTq, m^ i;, J, a, j, v) (B.5) 
We then define 

1 /- ^/'A^-^r 7 7 - \ ^{Io,Jo,(^o,mo,v,J,+,j,v)-A{Io,Jo,cro,mo,v,J,-,j,v) 
-sgn(cro)(A) {Io,Jo,v,J,3,v) :- 

^{A)+{Io,Jo,v,J,j,v) : 











2 










_ A(/o, 


Jo, (^0, 


mo, 


v,J,+,3, 


v) + A(/o, 




mo,v,J, 


-,3, 


V) 


A(/o, 


Jo, ^0, 


fho. 


v,J,+,j, 


2 

- A(7o, 




fho,v,J, 




v) 


A(7o, 


Jo, 


fho. 


v,J,+,j, 


2 

+ A(7o, 




fho,v, J, 




V) 



^sgn(c7o)(A) {Io,Jo,v,J,j,v) : 

-{Ay{Io,Jo,v,J,j,v) := ^ (B.6) 

When now expressing rcj+j^ by the sum of {xjjy)"^ and (xjjy)^ and xj-jy by (xjj^)^ — {xjjy)~ (the same 
for all the other occurring terms) and performing the square in the exponential, we realise that all terms 
that involve mixed and ()~-terms as for instance [x j jy)~^ [x j jy)~ will drop out, while the terms involving 
only 0^ or ()~ respectively occur twice. Furthermore, the Aa-functions do only depend on the variable 
{xjjv)~ , consequently, we can can rewrite the integral as 

J d}^xjajyF{xjajy,njajy) = J (f{xjjy)'^Gi{{xjjy)'^,{njjy)'^) j (f{xjjy)~G2{{xjjy)'',{njjy)'') (B.7) 

1R18 1B9 1d9 

Wi, BV JlX 
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where 



G2{{xjjv) 



-2 E (((xj,„)+)2-|(a;j,„)+((pj,„)+ + ^[(A)+(7o,Jo,t;,Jj>)-(A)+(7o,Jo,t;,Jj>)]-m(nj,,,)+)) 
-2 E (a;jj,,)"((pjj„)" + ^[sgn(5o)(A)-(7o,'^,'^,-^J>)-sgn(CTo)(A)-(/o,Jo,-y,J^^^^ 

({ixjjv)~ - ^ sgn(ao)(A)"(7o, Jo,t;, J,j» -sgn((7o)(A)"(/o, Jo,u, J,j» }, ^ sgn(ao)e~^(^^), "o 



1 



Thus we get 

R9 



+ 



2 E {({^Jjv)+)''-§:{xjjv)+{(j>Jjv) + + ^[{^)+{h,Jo,V,Jd,v)-iA)+{Io,^^^^^ 



J (f{xjjyy 



-2 E [{{^Jjv) )'^-j:{xjjv) {^(pjjv) +^[sgn(o-o)(A) {Io,Jo,v,J,j,v)-sga{ao){A) {Io,Jo,v,J,j,v)]-i'iv{njjy) 



A5 (^{xjjy)'-^ sgn{ao)iA)~{Io,Jo,v,J,j,v) - sgn.{ao){A)~{Io,Jo,v,J,j,v) },^sgD.{ao)e~^{v),no 

A5 ({{xjjy)~},^sgn{ao)eK^{v),no 

^,9 -I E {{pjjv)+iiA)+(To,Jo,v,J,j,v)-{A)+{Io,Jo,v,J,j,v))s) +f E ((PJ.«)+)' 
2^ I W- j e e-f'" e e^^" 

h| E ((A)+(7o,Jo,^',Jj»-(A)+(/o,Jo,«,Jj»)2 

-2^ E -4jf E (nj,„)+((pj,„)+ + ^((A)+(Jo,Jo,^;,Jj»-(A)+(/o,Jo,t^,Jj»)) 

^9 / ^9 



y (f{xjjy) 



-2 E (((^Jji;) +^[isgn((7o)(A) (/o,Jo,«^,-'j»-5Sgn((To)(A) (/o,Jo,'f,'^J»]-iT(njj„) )) 

( JJ) ^ ^ ^ ^ 

Ua;jj^)"-T (A)"(Io, Jq, J, j» - (A)"(/o, Jo, J» }> ^ sgn(ao)e^^(i;), no 



A2 }, -sgn(cro)e^g(i;),no 



with 

A^ \ {{xjjy)-},^sga{ao)eK^{v),no] := T"! 



(B.9) 



(B.IO) 



38 



The integral over (xjjy)'^ is a usual (complex) Gaussian integral that can easily be performed and yields a 
factor (y7r/2)^. Thus, the expectation simplifies to 



^ loJoKo^ov {9,J,o-,j,L} 



Qmo,no \ 
loJoKoaov {g,J,a,j,L}/ 



E E 'PJajsM^O,Io,Jo,Jo,'^0,^0,mo,mo,v,J,a,j,v) -| E E {A{Io,Io,Jo,Jo,'^0,^0,mo,fho,v,J,a,j,v)) 



6^ eL\Lv 



(Vf)30[l+i^tb)] 



30 



2^30 ^ 



-— E E (njajv) -2ij E E nj„js(pj„jy+-^A{Io,Io,Jo,Jo,'^o,o-o,'mo,mo,v,J,a,j,v)\\ 

Ev=^v (J,a,j) vi^v (J,c7,j) ^ ' 

-| E (((A)+(7o,Jo,«,Jj»-(A)+(7o,Jo,i',^,J»)^) +f E ((■/^jj.)+({A)+(7o,Jo,i;,J,j»-(A)+(7o,Jo,^',Jj»)) 



2^ E {{njiv)'')' -4if E (nji.)+((pj:/.)++^({A)+(7o,Jo,^',Jj»-{A)+(/o,Jo,^',Jj»))\ 



EL. 



E ^ 

/ -5 E ((Pjj«)"(sgn(cfo)(A)-(Jo,Jo,«;,Jj>)-sgn(<To)(A)-(i'o,Jo,'y,'^J>))) 



J 



+ 1 E ((VJju) (sgn((To)(A) (/o,Jo,'",^,j,'y)-sgn(o-o)(A) {Io,Jo,v,J,j,v))) 
(J,j) 

-J E (((PJj^')")^) -3 E ((sgn(5o)(A)-(7o,Jo,f,Jj»-sgn(5o)(A)-(7o,Jo,«,^,J»)^) 
-2 E ({PJ3«)" + ^[|sgn(5o)(A)-(7o,Jo,u,JJ,u)-^sgn(CTo)(A)-(7o,J'o,'y,Jj>^ 



<^ 



sgn((To)(A) (/o,^o,^^,-^,i,^^) - sgn(c7o)(A) {Iq, Jo,v, J,j,v) } , -sgn{ao)e~^{v),no 



(B.ll) 
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where we used 



- E Pj!Tjv'^iIo,Io,Jo,Jo,<^o,cro,mo,mo,v,J,a,j,v) 

(J,<',3) 



-\ E ((Pjj!;)+({A)+(-ro,J^B,'y,J,J»-(A)+(-ro,J'o,'!','^J»)+(pjj,;) (sgn(c7o)(A) (7o,Jo,'y,^J»-sgn(CTo)(A) (7o,^0,'!',^J»)) 
+ f E ((v'Jj«)+((A)+{7o,Jo,i',JJ,'y)-(A)+(/o,^o,'y,JJ,"))+(¥'j3i,)"(sgn(CTo)(A) 



= e 



(J,3) 



-f E (((PJi.)+)'+((pj,„)-)') 

I E (A(/o,?o,Jo,Jo,<^o,5o,mo,mo,«^,J,o-j»)^ 

(J,j) ^ ' 



= e 



(B.12) 



C Only the Term with nj(jjy = matters 

In the following we will show that only the term with nj^jy = contributes and all other terms are of order 
0{t°°). Thus we consider the following estimation 



II ||2 II ||2 \f^J>7jv—0\ 



(C.l) 



+« E E 'Pjajv^{Io,Io,Jo,Jo,To,cro,mo,mo,v,J,(7,j,v) -| E E {A(Io,Io,Jo,Jo,<To,<yo,mo,mo,v,J,a,j,v)) 

vev (J,a,j) vev {j,CT,i) 

(. , .) e e-^ e 



(^)30[l+i^,(p)] 
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-2 E {{xjjv)-) 

{J,3) 



(J^ixjjy) + ^ ) - J sgn(ao)(A) -sgn((7o)(A) | , ^ sgn(ao)e^^(v),no 

(\{xjjv)~ + ^ {{pjjv)~) + 7 [sgn(ao)(A)" - sgn((7o)(A)-j I , ^ sgn(c7o)e;^^(i;), no 



(C.2) 



Let us neglect the explicit J, j, v and introduce the following abbreviations in order to make the expressions 
more convenient 



ixjjv) ■■= (x) , {pjjv) •■= (p) , njaj^ •■= (n) 



(C.3) 
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and use the expression of the A 2 -functions in terms of the determinants in eqn (|2.46|) yields 



12 \l^Jajv—0\ 



< 



\12 



+« E Y. 'PjajvMhJo,Jo,Jo,'^0,^0,'nT'0,mo,v,J,a,j,v) t ^ ^ r a/t 7 t 7 ~ ~ t • 



f)»|l+K,(p)|» 



E 



2 / \ 2 / 7^2 " " ^ ^ ^ 

"V E E (njCTji) -2jy Y, T, nj„jijipj„jii + — A(Io,Io,Jo,Jo,'^0,'^0,mo,mo,v,J,cT,j,v) 

V!^v (J,cr,j) v^v (J,a,j) 



V 

/ 



E 



r E (injjv)'f -4if E (njj„)-({pjj„)- + ^(sgn{(7o){A)-(/o,Jo,«,JJ,-y)-sgn(<To)(A)-(/o,Jo,-u,J,i,i>))) 
(J,i) (J,.7) ^ ^ 



-2 E 



{J, 3) 



exp (in ( ^ det ( <j (x)" + ((p)" - i7r(n)-) + ^ [sgn(ao)(A)- - sgn(ao)(A) 



+ exp ( In ( jdet ( I (x) + ^ {{p) - i-K{n) ) + 



exp ( In ( - det 



■ iirin) 



T r 
4 

T r 
4 



T 



sgn((7„)(A) -sgn(CTo)(A) - - sgn(o-o)(5)(j_^. „)_(^^_„^ 
sgn(ao)(A)~ - sgn(cro)(A) 



(C.4) 



T 



+ exp (in ( ^det ( <j (x) + ;^ ((p) - i7r(n) )-^ sgn(cJo)(A) -sgn(cro)(A) - ^ sgn(cJo)(5) 



(C.5) 



, where we have used |a — 6| < |a + &| for the exp-functions 

Let (io^jjj) be a matrix of complex numbers and define the norm to be = Yl \'-^{J ■ Then, certainly, 
\\uJi +W2II < ll*^!!! + ll'^2|| and ||a;|| > for all J,j. In particular det({w|jj}.}) < GHwlp. Consequently, 
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we get 



det ( \ {x)- + ^ ((p)- - m{n)-) + ^ [sgn((7o)(A)- - sgn((7o)(A)- 



< 6 [TWixyW + +7r||(n)-|| + — 1| sgn(ao)(A)- - sgn(ao)(A)- 

< 6 (r||(a;)-|| + +7r||H-|| + ^11 sgn(5o)(A)-|| + ^|| sgn(ao)(A)- 

< 6 (r||(x)-|| + + vr||(n)-|| + ^ + ' 
<6(r||(xr|| + ||(pn| + 7r||(nn| + r2)^ 



(C.6) 



Analogously, 



det (\{x) + - {{p) - Z7r(n) ) + - sgn((7o)(A) - sgn((7o)(A) - - sgn((7o)((5)(^_ . 



no,v) 



< 6 + ||(p)-|| +7r||(rz)-|| + ^|| sgn(5o)(A)- - sgn(ao)(A)-|| - ^|| sgn(ao)((5)- . 

< 6 (r||(x)-|| + \\ip)-\\ + n\\in)-\\ + ^11 sgn(5o)(A)-|| + ^|| sgn(ao)(A)-|| + ^|| sgn(c7o)(5)^,.,.,).(^^.„„.,)| 

< 6 (r||(x)-|| + \\{p)-\\ + n\\{n)-\\ + ^ + ^ + 
= 6(r||(5)-|| + ||(pr||+7r||(nn| + r2)=^ 

(C.7) 
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The same is true for the second term involving the determinants, thus we obtain 



(•,■) (•,•) 



1 2 \l^Jajv=0\ 



(C.8) 



< 



a2 



+« E E 'Pjajv^(Io,Io,JoJo,'To,'^o,mo,mo,v,J,a,j,v) t ^ ^ fA/r T t 7 ~ ~ i • 
cev -4 L L (A(/o,/o,Jo,-?o,o-o,o-o,mo,mo,i;,J,o-,j,-i;)J 



30 



(^)30[1 + K,(p)] 

g eV' eL\Lv g 6V ei\-L„ 



/ -2^ E {{njj,)+f -4jf E (nj,„)+((pj,„)+ + ^((A)+(/o,Jo,«,J,J>)-(A)+(7o,Jo,«,J,J>)))\ 



E 



E 



-2V E 



4«f E {n-jjv)~ ((pjjv)~ + ^(.sgn(ao)(A)- (lo,Jo,v,J,j,v)-sgn{ao){A)- {Io,Jo,v,J,j,v))) 



(J,j) 
eLy 



-2 E {(xjjy)-y 

-g 



exp(ln(-6(r||(x)-|| + ||(p)-||+7r||(n) 



+ T2)3)) + exp (in (r||(x)-|| + ||(p)-|| +^||(n)-|| +r2)^)) 
exp (in (ie (r||(x)-|| + llbril +7r||H-|| +t2)^)) + exp (in Qe (r||(x)-^ 



(C.9) 
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and 



(•,•> (•,■> 



1 2 Wjajv=0\ 



(C.IO) 



< 



\12 



j-ao 



+* S 2 ¥'j(T3cA(/o,-fo,./o,^o,co,fo,"^o,fno,u,./,o',j,{;) 
sev (J,a,j) 



I Z Z (A(/o,^o,^o,J^D,o-o,CTo,mo,mo,'y,J,CTj,{;)) 



oev (j,<T,j) 



(yf)30[l + i^,(p)]30 



/ -22^ E ({'^J>«)+)' -4if E (nj,-,)+((pj,-,)+ + ^((A)+(/o,Jo,^',Jj»-(A)+(/o,^o,^',Jj»))\ 



E 



(J.j) 



-2^ E ({"Jjv)~)^ -^if J2 {njjv)~({Pjjv)~+^{sga{ao){A)-(To,Jo,v,J,j,v)-sga{ao){A)-{Io,Jo,v,J,j,v))) 
iJ,j) W) ^ ' 



in J jy)- 9^0 



R9 



X e 



-2||(i)-|P 



-+T'\\(x)-\\' + \\ip)-\\ + n\\in)-\\+T' 



(C.ll) 



where we used x < + | in the last step and [|] is the Gaul3 bracket, i.e. the smallest integer equal or 
lower than |, hence [|] = 1. 
Estimation of the integral: 



4 := ( /f)7 d\e-^\\^\\'\\x\r, h = ^^^^^4-1, h = 1 (C.12) 



In our case k = 2 therefore we get /i = | , /2 = || . Using 



l+r2||(x)-||2 + ||(p)-||+;r||(n)-||+T^'' 

= T4||(i)-|r + 2T2||(xr||2(i + r2||(x)-||2 + ||(p)-|| + vr||(n)-||+r2) 

+{\ + T^mrf + m-\\ + -.m-w+T^f (c.i3) 
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we get 



-2||(S)-|P 



+ T2||(x)-||2 + ||(p)-||+7r||(n)-||+r^ 



T% + 2T^(^ +r^||(x)-||^ + ||(p)-|| +7r||(n)-|| +r^)7i 4cm 



+(- + r^||(x)-||^ + ||(p)-||+7r||(n)-||+n% 



9 / \ 2 ^ 



^T^ + - +T^||(a;)-||^ + + 7r||H-|| + T^) 1 + ^T^ 



(C.14) 



Hence, we have 



(•,•) (■,-) 



|2 \'"'Jajv=0\ 



(C.15) 



< 



\12 



j-ao 



CSV (J,o-,j) 



(yf)30[l + i^,(p)] 



30 



E 



E E ("Jo-jii)^ -2if E E 'iJaj«(pjaj« + ^A(/o,-fo,^o,^o,o-o,o-o,mo,mo 

Ct^u (J.ctj) Ct^u (J,cr,j) 



eV )=L\Ly 



ev eL\Lv 



,v,J,a,j,v)j \ 



/ -2^ E -4if E (nji.)+((pj^„)+ + ^((A)+(/o,Jo,^',Jj»-{A)+(7o,Jo,^',Jj»))\ 



E 



(J,3) 



ez 



^ -2^ E ((.'"' Jjv) )^ -4if E i'T^Jjv) ({Pjjv) +^(sgn(o-o)(A) (/q.^o,", J,J»-sgn(CTo)(A) (7o,Jo,'!',^J»)) 



E 



ez 



9^2 ^ 1 +y2||(~)-||2 ^ ||(^)-|| +^||(^)-|| +^^2^ ^ 9^4 



(C.16) 
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This is obviously of the order 0{t^) for njajv 7^ 0. Consequently, up to order 0{t°°) we have 



^ loJoKnaov {g,J,o-,j,L} 



Qmo,no qjt \ 
loJoKoaov {g,J,a,j,L}/ 



" {g,J,cr,j,L}'' 

aev (j,<r,j) vev (j,a,j) 



(v/f)30[l + i^,(p)]30 



9 -2 E {{ijjv)-f 



({(^Jjr-) + ^ ((PJjr-) ) - J [sgn(ao)(A) - sgn(ao)(A)- 
({{xjjvr + ^ {{pjjvr) + J [sgn(ao)(A)- - sgn(c7o)(A)- 



-sgn(ao)e~^(u),no 
^sgn((7o)e^^(i;),no 



(C.17) 



D The Expansion of the A 2 -Functions 
D.l Calculation of the ZA-terms 

As mentioned in the main text we have to calculate the necessary Tip to order 0{sT) and 0{s^) respec- 
tively. For this purpose we use the following index notation Aik = s'^j^f{q~^)]^j^{x)]^j^ 



TV \^s{q-^)-{x)- ± -^siq-Y [sgn(ao)(A)- - sgn(ao)(A)- 
= <(f^)Mm^^)~Mm ± -jii~^)~Mm (sgn(ao) (A)" ^ - sgn(ao) (A)" ^ j 



(D.l) 



Thus 



n 2 



TV (^s{q-^)-{x)- ± '^s{q-')- [sgn(ao)(A)- - sgn(ao)(A)- 
2 -1 - -1 - - - -1 - -1 - 



16 



;gn(ao)(A)^^ - sgn(c7o)(A)^^) 
(9"^)Mm(9~^)jVn (sgn(5o)(A)]^^ - sgn((7o)(A)]^^) (sgn(ao)(A)^„ - sgn((7o)(A)^^) 



(D.2) 



Moreover 



TV 



s{q 1) (x) ±js(9 ^) [sgn(ao)(A)- -sgn((7o)(A)- 



s'^iQ ^)Mn(l ^)iVm(^)Mm(^)jVn ± — (9 ^)Mn(^ ^ )7Vm )Mm (sgn^) (A)^„ - Sgn(cTo) ( A)^„ 



16 



^)Afn(« ^ )iVm (sgn(<To)(A)^^-sgn(ao)(A)^^) (sgn(c7o)(A)^^ - sgn((7o)(A)^^) 



(D.3) 
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det i^s{q-Yix)~ ± 4^(9'')" [sgn(5o)(A)- - sgn(ao)(A)- 
= ^eijfeew ( {s{q~^)~ix)~)ie ± sgn(cro)(A)" - sgn(c7o)(A)" 

T r ~ ~ 1 

{s{q''^)~{xy)jm ± js((5"^)" [sgn(cJo)(A)" - sgn((Jo)(A)"J )jm 



{s{q ^) (x) 1) [sgn((7o)(A) - sgn((7o)(A)- 



jfcn 



= s^det((g ^) )det((i) ) ± — e^j-fee^^ 



+ ( ^(^ ^)Li [sgn(CTo)(A)^^ - sgn((7o)(A)^^ 



Mj\-^>Mm 



(^)iVn) 



+ (4(«"')m,- sgnM(A)^^-sgn(ao)(A)^^ ) ((9-')Zi(5)Zj 

'T 



+ 



(D.4) 



+ 0{{sTf 



(D.5) 



Hence, we obtain 



sT ( ^ ~ \ 

<9-ia:±A = ^il'^YMj^^YMm ± — (sgn((To) (q'-^)]i^„(A)- ^ - sgn(c7o) (g-^)]i^^(A)- 

2 



+ 2 ^^'^ ^^Mmil ^)Nn il ^)Mnil ^) Nm) i^) Mmi^) Nn 

S^T ____ ____ _/--_ _\ 

(sgn(5o)(A)]v„ - sgn(c7o)(A)-„) 

+s^det((g ^) )det((x) ) ± — ejjfee£^„ 
T 



+ 



(9 ^)Li [sgn(cTo)(A)i^-Sgn(c7o)(A)^J j ((g ^)Mj(^)Mm) ((9 ^)iVit(^)iVn) 



+ ( t('?"')mj kn('^o)(A) 



+ 



'Mm 



sgn(<Jo)(A) 



Mm 



[sgnK)(A);vn-Sgn(c7o)(A)^J j ((g ((g ^)Mj(^)Mm) 



+ 0{{sTf) 
(D.6) 



and 



S^^<l~^)Mni<l~^)~Nmi^)~Mmi^)~Nn ± — («"^)Mm(9"^)^n(^)Mm (sgnK)(A)]v„ - Sgn(c7o)(A)]v„j 



-r^^~^)~Nn {i^T^YMnM'^Tu " (9"^)M^(9"^)Lm) (sgn((7o)(A)-^ - sgn(ao)(A)-J 
+^'(«"')M.n(^)M.ndet((g-i)-)det((x)-) + o((5r)2) (D.7) 
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Therefore we get 



det ( 1 + s{q~Y{x)- ± -s{q-^)- sgn((7o)(A)~ - sgn(ao)(A) 



n 2 



sT f ^ ~ \ 

{H<l~')MmiQ~')Nn ' (Q'^ni^'^J (^)Mm(^)]vn + det{{q-')-) det((a 



±- 



(% ^)Mm(9 ^)iVn-(9 ^)Mn(9 ^)jVm) (^)Mm (sgn(<To)(A)jv„ - Sgn(c7o)(A)jv^) 



+ (7(9"')Zi [sgn(ao)(A)^, - sgn(ao)(A)-j) ((^ ')M,(a^)M^) ((r')]vfe(^)]vn) 
T 



+ ( t(9 ')mj 



sgn(ao)(A)^^-sgn(ao)(A)^,„ ((9"')Z^(^^)Z£) 



+ 



{Q ^)jv4^Sn((To)(A)jv^-Sgn(c7o)(A)^J j ((^ ^)Li(5)L^) ((^ ^)Mj(^)Mm) 



+«^(9"')Mm(^)Mm det((g-i)-) det((x)-) 



±- 



{Q-%n {ir')-Mmi9-')u - (9-')M£(5"')Zm) (sgn(ao)(A);^, - sgn(ao)(A)-,) + 0{{sTf 



(D.8) 



Now we have to repeat this calculation for the second term involving the Kronecker-deltas 

Tr (s{q-Y{x)- ± j^g"')" [sgn(ao)(A)- - sgn(ao)(A)-] + ^siq-^ sgn(ao)((^)^,,,,„ 



(J,j,v),(KQ,nQ,v) 



sT / ~ \ 



(D.9) 



Thus 



TV (^s(g-i)-(x)- ± ^s{q-Y [sgn(ao)(A)- - sgn(ao)(A)-] + sgn((7o)(5) 

g2j. ____ _\ 
= S^(9"^)Mm(9"^)iVn(^)Mm(-^)jVn ± — (^"^)Mm(9"^)^n(^)Mm (sgn^) (A)]^„ - Sgn(ao) (A)^^ J 

sgn(ao)((5)(j,,.„),(^^,„^,„))iV„ + o((sr) ) 

(D.IO) 



Tr 



± sgn(c7o)(A)- - sgn(ao)(A)- + sgn((7o)((J)^jj,,),(Ko,no,.) 



s 1 i ^ \ 

S^i<l~^)Mni<l~%mi^)Mmi^)Nn ± ^(9"^)Mn(9"^)^m(^)Mm (sgn(5o)(A)^„ - Sgn(ao) (A)^^ j 

±^'r(g-i)^Jg-i)^„(x)^^sgn(ao)((<5)- + o((.r)2) (D.ll) 
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(T r ~ ~ 1 T 

siq'^rixr ± 4 [sgii((To)(A)- - sgn(c7o)(A)-J + -^siq-^y sgn((7o)((5)- 

det((g-^)-)det((x)-) 
3! 



+ ( T(9"^)Mj kn(3^o)(A)^^-sgn(ao)(A)^J ) {iq-^)li{x)l^) {{Q~%k(^)Nn) 



+ (t(« ^)iVfe sgn(f^o)(A)^„-sgn(c7o)(A)^„ U{q ^)ii(x)^^) f(g ^)mj(^)mJ 



+ ( 2 (sgn((To)(<5) 



+ 0((.T)2) 



(D.12) 
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Hence, we obtain 



^) Mmi^) Mm 



sT 



+ )MmSgn((^o)(('5)(j,,»,(Ko,no,.))Mm 



s 

'2 



X, 



Nn 



4 

2 

det((g-^)-)det((x)-) 

^ 2 1 ^ijk^tmn 



+ 



)Mj(^)Mm) ^)Arit(^)Arn) 



+ (t(9 ^)Mj isgn(cTo)(A)^^-sgn(ao)(A)j^^ J ) ((g ^)ii(x)^^) ((g ^)7Vfc(^)7Vn) 



+ 



4(9-')^^ [sgn(ao)(A)^„-sgn(ao)(A)^J j ({q-')Mji^)Mm) 



),(KQ,no,v)J l£ 



il ^)Mji^)Mm) {(<! ^)iVfc(^)iVn) 



+ (^(9~')Zi(sgn(f^o)(<5)r..,> 



+ 0{{sTf) 
(D.13) 



(^sg-ixitA+i)^ 

= ^^(9"^)Mn(9"^)]^m(^)Mm(^)iVn ± — («"^)Mm(«"^)iVn(^)Mm (sgn(ao) (A)-„ - Sgn(c7o)(A)-„j 
+ — (9"^)Mm(9 ^)iVn(^)MmSgn((To)((5)(j,^,.),(Ko,no,.))Arn 
+ y(9~^)L^ ((9"^)Mm(«"^)jVn " (9"^)Mn(9"^)]^m) (^)Mm(^)jVn(^)L^ 

± — (^~^)^n ((?"^)Mm(9"^)Z^ - (?"^)M€(9"^)Zm) (sgn((7o)(A)-^ - Sgn((7o)(A)-^j (^)Mm(^)Zrn 

+s\q-')M^{x)l,^det{iq-Y)det{ixr) + 0{isTf) (D.14) 
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Therefore we obtain 



detfl + s((?-i)-(x)-±^s(g 1) [sgn(ao)(A) - sgn(ao)(A) ] + |s(g sgn(ao)(5)(,,,„ 



(J,j,v),(KQ,nQ,v) 



= 1 + 2z' _i 



2 (sgn(3^o)(g"^)Mm(^)Mm " sgn(ao)(g-^)^^(A)- ^) 

(2(5"^)Mm(9"^)^n - («"^)Mn(9"^)jVm) (^)Mm(^)jVn 

____ ____ _\ 

±— (2(g ^)Mm(9 ^)iVn-(9 ^)Mn(9 ^)iVm) (^)Mm (sgn((To)(A)]v„ - Sgn((7o)(A)^^j 

+2s^ det((g-^)-)det((x)-) 



+ 



{q [sgn((To)(A)^^-sgn(c7o)(A)^J j ((g ((« ^ 



+ ^)Mj sgn(ao)(A)^^-sgn(ao)(A)^^ U{q ^)Li{x)u) {il ^)jVik(^)jVn) 



Nk 



sg: 



n(c7o)(A)^„-sgn(ao)(A)^„ ((g-i)^.(x);^,) ((g-^)Mi(^) 



'Mm 



+ (^|(5"^)Zi (sgnK)((5)^^,,»,(K„,„„,„))^^j ((«"^)Mj(^)Mm) ((«"^)iVfc(^)iVn) 
+ (|(9"^)Mi (sgnK)((5)^^,^.„),(^^,„^,„))^^^ {{<i'^)Lii^)M) {iQ~%k(^)Nn) 

Mj(^)Mm) 



±- 



4 



(g ^)Nn{i<l ^)Mm(l ^) Lt ' (^1 ^)mM ^)Lm) (sgnK)(A)^^ - Sgn((7o)(A)^^) (5)^^(5)^^^ 



+ — ^)iVn((^ ^)Mm(9 ^)mM ^) Lm) i^) Mm^^<'^M^)(J,j,vUK^,n^,v))u{x) j^^ 

+^'(«"')M.n(^)M.ndet((g-i)-)det((x)-) + 0((5r)2) 



(D.15) 
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We easily see that we have the following equality: 



T 



det 1 + siq-Yix)- ± -jsiq-^)- sgn((7o)(A)- - sgn(ao)(A)' + -siq'Y sgn((7o)(<5)-,_^,„)_ 



(KQ,nQ,v) 



det 1^1 + s{q-^)-{x)- ± -^siq'Y [sgn(5o)(A)- - sgn((7o)(A)- 

(,7,j,D),{K(),n„,t)))Afm 



~2 



(D.16) 



Considering the terms that contain Kronecker-deltas, we get 



(9 )Mm^^^)(J,j,v),(,Ka,na,v))Mm — (q , 



' Mm"{M,m,v),{Ko,ao,v) 
(g-l)- - (q-^)Z 



Ko,no 



(D.17) 



The only difference that occurs when considering the term 2^5^-1 j._a+5 Ko,ao,no get replaced by 

Ko,d-o,no. Consequently, by Reinserting the above results into the expression for [det]^, we obtain the 
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following four expressions 



1 2 



det {^1 + s{q-^)-{x)- + -^siq'Y [sgn(c7o)(A)- - sgn(ao)(A)- 
(2(g"^)Mm(9"^)7Vn - (9"^)Mn(9"^)^m) (^)Mm(^)jVn 



2 (sgn(5„) {{q-Yj^^^ - {q-Ylofh,) - sgn(ao) {{q-%m, ' iQ~Xm,)) il'') 



Mm 



+2s^ det((g-i)-)det((5)-) 



+ 



Cmomn Sgn((7o) ((g ^) J^- " " e^omn Sgn((7o) ((g - 

((5"^)Mj(^)M 



+ 



+ - 



9 ^)iVik(^)A?"n) 

Qmmo sgn(ao) {(Q'X^k ~ ^^~\k) ~ ^^"^"^0 sgn((To) ((g"^);^^ - («"^)7ofc) 



+ 



s 



+Aq-')Mmi^)Mm <i^iii<l~Y) det((x)-) + 0{{sTf) (D.18) 
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det ( 1 + + js{q-Y [sgn((7o)(A)- - sgn(ao)(A)-j + sgn((7o)((5)- , 



det ( 1 + + [sgn((7o)(A)- - sgn((7o)(A)- 



Mm ^ K^ra )Mno J ^^)Mm 



+ 



+ 1 -eWo(9"^)^ofe^Sn(ao)^ ((9"^)Zi(^)Lj ((«"^)Mj(^)Mm) 



+^sg 



(D.19) 



1 2 



det j^l + s{q-Y{x)- - -^s{q-^)- [sgn(ao)(A)- - sgn(ao)(A)- 

= 1 + 2siq-')^^{x)l,^ - ^ (sgn{ao){{q-')-~^^ - (g"')- ^ ) - sgniao^iq-'] 



2 V Jomo lomo 

(2(g ^)Mm('? "^)Arn ~ il '^)Mn(^ ^)Nm) (^) Mmi^) Nn 



Jomo 



/omo- 



Mm 



of! 

3! 



+ 



^e^,m„ sgn((7o) ((g -(9 -emomnSgn((7o) ((g - (g 

((5"^)Mj(^)Mm) ((9"^)]vik(^)iVn) 



+ 



'loj 



+ ^i(l~^)Le {i(l~^)Mmi(l~%n ' i(l'^)Mni<l~%m) (^)Mm(^)]vn(^)Z€ 

il-%n [ir')Mm ['^^(^o)i{q-%^^^ - {q-%,J " Sgn{ao){iq-%^^ - (r^),-„j)) 



'T 
+ '4 



s^T 



+Aq-')Mmi^)Mm det{iq-')-) det((x)-) + 0{isTf) 



Nn 

(D.20) 
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det ( 1 + - ^s{q'Y [sgn(ao)(A)- - sgn(ao)(A)-] + ^^iq-^ sgn(cTo)(5)- ^. 

det (^1 + s{q-^)-{i)- - ^s{q-Y [sgn(ao)(A)- - sgn(ao)(A)- 



+ (|e^non(9"^)~^^.Sgn(5o) j ((9"^)Zi(^)Z£) ((9"^)jVfc(^)jVn) 



(D.21) 

D.2 Expansion of the y- and yi-terms: Estimation of the Remainder in the Expansion 

In this section we will estimate the remainder in the expansion of y» ,yf ,ys ,yf around y = yi = y = yi = 1. 
For this we use the tools developed in ^21- Here we have the case where L = 1 and M = 8. The expansion 
of A 2 ^3] reads in this case 

(^l^ixjjvy + ^ {{pjjv)~) + J sgn(5o)(A)" - sgn(cro)(A)" | , ^ sgn(ao)e^^ (v), rio 
at |det((p)-)p 



ih 



fe-i 



^ \. .8._ I S 8 



remainder 



(D.22) 



By using the explicit expression for A 2 in terms of y s , yf and y « , respectively, the remainder in lemma 
4.1 of ^HI will lead to a Gaussian integral of the form 



(D.23) 



for the one A 2 —function and 



V 8 8 



(D.24) 



for the other one respectively. 

We come to the estimation of the two remainders now: 
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First of all we need an estimation for Zgq-i^^/^, Zgq-i^_/^, Zgq-ir^^/^^g, z^^-i^_^^g. 

= TV(s(g-i)-(x)- ± A) + i [{Tr{siq-Yix)- ± A))' - 'IV([s(g-i)-(x)- ± A)^)] + det(5(g-i)-(x)- ± A) 

(D.25) 

We obtain 

|TV(.(«-^)-(x)- ± A)| < .||(,-)-||||(x)-|| + f + + \il-%mo\ + l(«-^)7o.ol) 

<«ii(g-'riiii(^ni+^rii(g-vii (D.26) 



\[Tr{s{q-Y{xr±A)]'\ < | IV(.(g-i)-(x)- ± A)p 



<^'ii(9-'nni(5)-ip + 

sT 



+ f ll(.-^)-||||(^)-|| {\il-%^J + ir^)F„^J + l(^-^)7o..ol + l(^-^)7o..ol) 
< .'||(g-^)-|P||(xr|p+2.T||(5-i)-|p||(x)-||+s2r2||(g-i)-|P (D.27) 



Tr([Kg-r(5)-±An| <.2||(g-i)-||2||(,^)-jj^ + __(|(g-i)- | + | + 



22^2 



16 



Jo mo 



/()"!() 



'Jomo 



+ 



+ V (l((«"')"(^)"(«"')")jor.ol + l((«"')"(^)"(^"')")7or.ol 
<.2||(g-i)-||2||(x)-|p+2.T||(9-i)-|p||(x)-||+s2r2||(g-i)-|P 



(D.28) 



|det(.(g-^)-(x)- ± A)| < 6s' ^||(g-^)-||||(^)-|| + - + + ir^)7„^J + K^-^),"™,, 

<653(||(g-i)-||3||(x)-||3 + 3T||(g-i)-||3||(x)-||2 + 3r||(i)-||||(g-Vll' + r3||^ 

(D.29) 

With these intermediate estimations, we can estimate ^sq-iaj+A and Zgq-i^_/<^ now. 

\zsq-^x±A\ < s\\iq-Y\\Ux)-\\+sT\\{q-^)-\\ 

+ 1 [+s2||(c?-^)-|P||(x)-|P + 2.Tll(9-l)-||2||(x)-||+.2r2||(g-l)-||2 



-.2l|(<^-i)-||2||(5;)-||2 + 2sr|i(g-i)^||2||(x)-||+.2r2||(r')-||2] 

+6s3(||(g-i)-||3||(x)-||3 + 3r||(g-i)-|p||(f)-||2 + 3T||(f)"||||(g-i)-||3 + T3|K 

= .||(g-^)-||||(x)-|| + 18.3T||(g-i)-||3||(x)-|| + 18.3r||(g-i)-||3||(a;r 
+sr||(g-i)-|| + 653T3||(g-i)-||3 

-. u{\m-\\) (D.30) 



then 



|y - 1| < 2?x + ?x2 =: P(||a;||) and \y - 1\ < 2u + =: P{\\x\ 



In an analogous way we obtain 



Zsq-^x+A+s\ < \zsq-^x±A\ + sT\\{q-Y\\ + ^'^^l I 1 1' 1 1 (^)~ 1 1 =: ^i( 



(D.31) 
(D.32) 
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and 



"sq-^x-A+S 



< U.,-i.±A|+^r||(g-i)-||+52r||(g-inp||(x)-||=:ni(|H 



Thus we have 



\yi-l\<2ui + ul=:Pi{\\x\\) and \yi - 1\ < 2ui + uj =: Pi{\\x\ 



(D.33) 



(D.34) 



Since y and y and yi and yi respectively are estimated by exactly the same polynomials P(||(x) ||) and 
Pi(||(x)~||) respectively, we can estimate the two remainders by the same term, thus 



< J d9(xjj^)-e-2|l(5)-|P(3.8)("+i) [p(||(£)-||)("+2)+2P(||(x)-||)("+i) 

+Pi(||(5)-||)("+2)+2Pi(||(5)-||)("+i) 



and 



-211(5) 



IR9 



f^r'''\y){y--^r^"-fr^"iyi){yi-i 



(n+l) _ <•(«+!), 



+Pi(||(x)-||)("+2) + 2Pi( 



thus we can restrict our further estimation to one term only 
Express P(||(x)~||) as an arbitrary polynomial of the order sixth: 



By the multinomial theorem we obtain 



[pi\m-\\)r= E 



k=0 



nl 



no+-+ne=n 

Consider the Gaussian integral of the form 



{no\)...{m)\ 



.fe=0 



6 

y, 

{x) \\k=o 



-2||(i)-|P 



{xr\r = v, 



■Q °° I — q 



dre r 



n+8 



HI" 



where l^n = f^Sy is the volume of S'^. Now, 



\/27r 3n n! 



2-- 



for n even 



1 (n-l) n — 1 

J„ = -2-^(^)! for n odd 



(D.35) 



(D.36) 



(D.37) 



(D.38) 



(D.39) 



(D.40) 
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Introducing again the Gaui3 bracket [.], we can immediately check that 



Using n! < e( )("+!) we may further estimate 



(n + 1) 

4 2^ 



4 -2^21 



(" + !) 



where ^ <[§]<§• 
Finally, if n < ng , then 

-9 



- / d9(i)'e-2ll(-)-|l>(||(x)- 



■9 , ,9 

2 /9 + 6n\2 



vr V 4e 



]R9 



■ 6 

.k=0 



9 + 6n 



4e 



4e 

Using the above estimate, we can bound the remainder from above 

V 8 8 

< / d9(xjj,)-e-2|l(*)"ll'(3-8)("+i) [p(||(x)-||)('^+2)^2P(||(x)-||)('^+i) 



4e 



< i^9,6(3 • 8) 



(n+l) 



9 + 6{n + 2)\^ 
4^ 



+2 



9 + 6(n + l) 
4i 



P 



+Pi(||(x)-||)("+2)+2Pi(||(x)-||)("+^) 



9 + 6(n + 1) 
le 



+ Pi 



9 + 6(n+ 1) 



9 + 6(n + 2) 



(D.41) 



(D.42) 



(D.43) 



(n+2)' 



(D.44) 



As pointed out in for small values of n the error connected with the remainder is proportional to s"^^. 
However, for larger values of n the size of the error becomes comparable to the order of accuracy (in powers 
of s) up to which we have performed the expansion. Thus, we are interested in the value no from where 
onwards the error becomes so large that it does not make sene to compute corrections. An estimate for no 
can be derived from the condition 







l){"+2) 












8 




/ <P{xjjy) 






-f^r'\yi){yi 










8 





> 1 



(D.45) 



Since the upper bound in eqn HD.44|) looks rather complicated no cannot be computed analytically. Never- 
theless, the order of magnitude of no can be obtained under the assumption that the value of no is supposed 
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to be quite large and therefore that the change of P{ — -) as we replace no by no + 1 is much smaller 

than the value of no itself. Under this assumption the value of no ^B] is given by 

no = ^'^^^'-''^^ 3 (D.46) 

6 

whereby ro(8) is of order unity^HI- Consequently, since {qjjv)~ is of order unity, we conclude as long as 
s = t2~" is small, the value of no ^ 1. Hence, the precise value of no depends on the chosen value for a. 



E Explicit Expressions for y,yi,y and yi 



In this section we will derive the explicit terms for y,yi,y and yi that occur in the expansion of the A 
functions up to order 0((sT)^). 



( <! (xjjv) + ^ {{pjjv) ) + J [sgn(ao)(A) - sgn(ao)(A)- 



1 



sgn(cro)e^ (t>),no 



3 

ih 



|det((p)-)| 



{(y - yi) (/J'^(i) + f?\i) (y - 2/1 - 2) + f^^\i) ((yi - i)^ + (y - i){y, - i) + (y - 1)2) j I (E.l) 



and 



( <! {xjj^) + ^ {{pjj^) ) + ^ [sgn(ao)(A) - sgn(cTo)(A)- 



-sgn(cJo)e~^(f),no 



3 

02 



i-ih) 



|det((p)- 



+ (l)(y-yi-2) + /f)(l)((yi-l)2 + (y-l)(y^ (E.2) 

The lowerst order in the term {y — yi) and (y — yi) respectively is sT. Since we have a global term {y — yi) and 
(y — yi) respectively and the highest order we want to consider is s^T, we will expand (y — yi) and (y — yi) 
respectively up to order 0{{sT)'^) and all the others terms that are multiplied with these terms up to order 
O(s^). Using the definition of y,yi,y and yi in terms of the corresponding ^^sg-i^+A) -^sg-i^+A+^i -^sg-ix-A 
and 2^5(7- ix-A+5 W6 obtain 



y ~ Vl — ^sg-i^+A ~ ^sq-^x+/\+5 

= -sTsg-a{cro){q~^] 



Mm 



3! 



+ Qenomn(g ^ Sgn(CTo) j ^)Mi(^)Mm) ((? ^)iVfc(*)7Vn) 



+ ^efaon(g ^)^„^ Sgn(f7o) ((g ((^ ^)m.(^)7Vn) 



2 



Sgn(c7o)(g-l)]^„ ((9"')M„^(9"')]^ono - (^~%mM~')Kom) i^)~MrrX^)Nn + ^((sT)^) 



(E.3) 
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y 1 — ^sq-^x+/\ 

sT / \ 



(E.4) 



Mm 



+ 



+ 
+ 
+■ 



'^eenoniq~%^j sgniao)^ {iq'Xix)^^) {{q'%ki^)Nn) 
^ewo(9~^)^ofeSgn((7o)j {iq~Xiix)li) ((g"^)Mj(^)Mm) 



(E.5) 



and 

y — yi = ^sq-'^x-A — ^sq-'^x-A+S 



"2 3! ^^^'^ 



+ 



\enomn{q ^)^^ . Sgn((7o) j ^)Mj(^)Mm) ((? ^)iVfc(^)jVn) 



+ 



(E.6) 



sgn(ao) - (^"^)7omo)) (9"^) 



Mm 



(E.7) 
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yi - 1 



Since 



we get 



yi-1 = y-l + (yi-y) 
yi - 1 = y - 1 + (yi - y ) 



(E.8) 



(E.9) 



(yi - 1)2 = (y - 1)2 + 2(y - l)(yi - y) + (yi - y)^ 

(yi-l)2 = (y_l)2 + 2(y-l)(yi-y) + (yi-y)2 

(y - l)(yi - 1) = (y - 1)2 + (y, - y){y - 1) 
(y-l)(yi-l) = (y-l)2 + (yi-y)(y-l) 
Reinserting this into the expansion of the Aa— functions we obtain 



(E.IO) 



( <! {xjj^) + ^ {{pjj^) ) + ^ [sgn(c7o)(A) - sgn(ao)(A)- 



1 



sgu{ao)eK^{v),no 



a2 1 det((p)" 
iH 



{y - yi) I ( /f ^(1) + /f (1) (2(y - i) + (yi - y)) 



and 



+/f )(1) (2(yi - 1)2 + 3(y - l)(yi - 1) + (yi - y)2) j | 



( <j {xjj^) + ^ ((pjj^) ) - J [sgn(c7o)(A) - sgn(ao)(A)- 



(E.ll) 



-sgn(c7oje~^(t;j,no 



a2|det((p)-)|- 
i-ih) 



(y-m) { ( /P(i) + /r(i) (2(y - 1) + (yi - y)) 



.(2) 



+fP{l) (2(yi - 1)2 + 3(y - l)(yi - 1) + (yi - y)2)) | 



(E.12) 



E.l The Leading Order Term of A 2 -functions 

The leading order term of A 2 is of the order sT/t due to the h in the denominator in the equations ()E.11|1 
and (|E.12|) . Hence, the leading order contribution of A 2 is given by 



( \ (ijjv) + ^ {{pjjv) ) + J sgn(cro)(A) - sgn(cro)(A) I , ^ sgn(ao)e^^j (t;), rio 



a^|det((p)-)|. ^,,^ 



sT 



(E.13) 
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and 



( <j (ijjv) + ^ {(Pjjv) ) - J sgn(cro)(A) - sgn(cro)(A) | , ^ sgn(cJo)e~^(u), no 



«^|det(M-)|. ,„ 

in 8 



(E.14) 



whereby in {y — yi) and {y — yi) only terms of order sT are considered. Recalling the equations ()E..S|) ) and 
HE.6|I . we obtain for the A2 -functions in leading order the following result 



( <j (xjj^) + ^ {{pjjv) ) + J sgn(cro)(A) - sgn(cro)(A) | , ^ sgn(ao)e^^ (u), no 



a2|det((p) )|4 



ih 



ff\l)(-sTsgn{ao)iq 

8 V 



Kono 



(E.15) 



and 



( <j (xjj^) + ^ ) - J sgn(cro)(A) - sgn(cro)(A) | , ^ sgn(ao)e~^(u), no 



(E.I6) 



F The Next-to-Leading Order Contribution to the Algebraic Master 
Constraint Expectation Value 

Here we expand each A 2 function up to order 0{s'^T/t). Afterwards we take the product of these two 
functions and consider all terms up to the order 0{{sT /t)"^ s^). 
The precise expresion for the expansion reads 



( <i {xjj^) + ^ {(pjjv) ) + 7 [sgn(o-o)(A) - sgn(ao)(A) 1 I , ;^ sgn((Jo)e^^(u), no 



T 

A* ( <j {xjjv)~ + ^ {{Pjjv)~) - 7 fsgn(ao)(A)- - sgn((To)(A)^j \ ,\sgn{ao)e~^{v),no 



4 
7 
4 



'3 _ i \ 2 

a2 1 det((p) )| 4 \ 



{y - yi) {y - yi) 



f^^\l) ] + [2{y - 1) + {yi - 1) + 2{y- 1) + (yi - 1)] 

8/88 

+f^^\l)f?\l) [2(y - 1)' + 3(y - l)(yi - 1) + (yi - yf + 2(y - l)^ + 3(y - l)(yi - 1) + (yi - yf 

8 8 

\ 2 

p(2). 



p(l)n^^(2) 



+ [2(y - 1) + (yi - 1)] [2(y - 1) + {y, - 1)] 

+/f (1) ([2(y - 1) + (yi - 1)] [2(y - 1)^ + 3(y - l)(yi - 1) + (yi - yf 



+ [2(y - 1) + (yi - 1)] [2(y - 1)2 +3(y - l)(yi - 1) + (yi - l)^]) 



+ ( /f (1) ) [2(y - 1)2 +3(y- l)(yi - 1) + (yi - 1)^] [2(y_l)2 + 3(y - l)(yi - 1) + (yi - 1)^ 



+0{s^{sT/tf 



(F.l) 
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whereby means that only terms of maximal this order are considered although apparently higher 

s ^ s'-i. * I i ^ 

order terms will occur due to for instance the squares and products of y,yi,y and yi respectively. As before 
we expand (y — yi) and {y — yi) up to order 0((sT)^) while the other occurring terms have to be expanded 
up to O(s^) only. The separated terms are given by 



Mm 



-2 — — e. 



3! 



ijk 



\en^mn{q Sgn(ao) j ({q ^)Mjix)Mm) ^)jVfe(^)jVn) 



+ 



+ (^einoniq ^)^Qj Sgn((7o) ) ((g ^)ui^)Le) {il ^W(^)7Vn) 



+ 



Sgn(c7o)(g ^)Ar„((9 ^)Mm(9 ^)mRo(« ^)Kom)i^)Mmi^)Nn + 0{{sTf 



(F.2) 



y-m = -sT{q-Y^^sgn{ao){q-%^.^^-s'Tsgn{a,) {'^{q-%^~Jq-'rMm ' i'l'%^J'l'%~no) (^) 



Mm 



-2- 



3! 



'^ijk 



(3"^)^„iSgn(ao)j {{q~^)Mji^)Mm) {iQ~%ki^)Nn) 
+ (^\einoniq~%^.sgnia,)^ {iq~%i{x)li) {{q~%ki^)Nn) 
\^emnoiq~%^^sga{ao)j {{q~^)u{x)li) [{q~^)Mj{x)Mm) 



(F.3) 



2{y - 1) + (yi -y)= Mq~')Mm{^)Mm + (2(9"')Mm(9"')^n " i<l~')Mni<l~%m) (^)Mm(^)^n + ^(s') 
2{y- l) + (y,-y)= As{q-')];,Jx)];,^ + 2s' {2{q-^)]^^{q-%^ - (g-')M„(g-')^^) {x)m^{x)],^ + 0{s') 
{y - If = ^s\q-^r^Jq-%^{xr^Jx)-^ + 0{s^) 



{y - - 1) = 4.2(g-i)- ^(g-i)- ^(x)-^ + 0(.3) 

{y- - 1) = 4.2(g-i)- (g-i)- (x)- (x)- + 0{s') 



(F.4) 



The term (yi — y)^ and (yi — y) are already of order 0{s^) and hence do not have to be considered. 

(y - If = 4s%-')]^^{q-%^{x)]i,Jx)-^^ + 0{s') (F.5) 

The terms (yi — y)^ and (y — l)(yi — y) are of order 0(5^) and will therefore be neglected in the further 
discussion. 

(y - l)(y - 1) = 4s'{q-')Mmiq-%r.i^)Mjx)^,, + 0{s') 
(y - l)(yi - 1) = 4s\q-')];,Jq-%^{x)]^Jx)],^ + 0(5^) 

(yi - l)(y - 1) = 4.2(^-1)- ^(g-i)-Jx)]i,^(x)]^„ + 0{s') (F.6) 
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Thus, when neglecting the terms of order 0{s'^{sT/t)'^) the expansion reduces to 



(J^i^Jjv) + ^ {{PJjv) ) + J sgn(c7o)(A) - sgn((Jo)(A) | , ^ sgn((7o)e^^(?;), no 
(Uxjjvr + ^ {{pjjvD - J sgn(5o)(A)- - sgn((7o)(A)- | , ^ sgn(5o)e^^(i;), no 



02 1 det((p)" 

h 



{y - yi) {y - yi) 



(1) [2(y - If + 3(y - l)(yi - 1) + 2(y - 1)^ + 3(y - l)(yi - 1)] 



)(1) ) + /f (1) [2(y - 1) + (yi - 1) + 2(y - 1) + (yi - 1)] 



+ ( /f (1) ) [4(2/ - l)(y - 1) + 2(y - l)(yi - 1) + 2(yi - l){y - 1)] 



+ 0(s2(sr/i)^ 



(F.7) 
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Reinserting these various terms into the expansion of the A 2 —functions, we obtain 



( "1 ixjjy) + ^ {(jpjjv) ) + 7 fsgn((7o)(A) - sgn((7o)(A) 1 I , ^ sgn((7o)e^g(i;), rzo 



T 

A* ( \ ixjjv)~ + ^ {(pjjv)') - 7 [sgn(ao)(A)- - sgn((7o)(A)-] | , ^ sgn(5o)e~^(i;), no 



4 
T 
4 



^ ai|det((p)-)|i y ^^^^^2 



(sgn(ao)(Q +ssgn((7o) (2(g ^)iVn " ^)i^on(9 ^)iVno) (^) 



Mm 



+ Qe„o^n(g ^)^„iSgn(ao)j ((g ^)Mi(^)Mm) ((« ^)iVfe(^)ivJ 



+ ^e£non(g ^);^^j-Sgn(ao) ((g ^) ui^) u) [iO. ^)7Vfc(^)iVn) 



+ 



+ 



ySgn(c7o)(g ^)jvn((« ^)Mm(« ^)Kono " ^)mHo(9 ^) Kom) i^) Mmi^) Nn 

(sgn(5o)(,-)^^^^ + .sgn(5o) (^^ ^) - i^-%J<l-%~no) (^) 



Mm 



+2 eijk 



+ Qe„omn(9 l)~^.Sgn(ao)^ ((g ^)Mj(^)Mm) ^W(^)iVn) 



2 

+ y Sgn((7o)(g-^)]^„ ((9~^)Mm(9"^)^ono - i^~^)Mno(l~%om) (^)Mm(^) 

8 / 8 8 

(2(9-^)M^r^)]vn - r')Mn(«-')]vm) (5)Mm(^)]vn f4/«(l)/f (1) 



^)Mm(9 ^)Arn(^^MmV-^;Arn 



40/f)(l)/f (l) + 32(/f (1) 



+ o(s2(sr/i)' 



(F.8) 



We will order the expansion in powers of (x) since this is quite useful for the later integration over 
{x)~. Moreover we will neglect the linear powers of {x)~, because they will cancel in the integration when 
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integrating against the even function exp(— 2((x) )^). Let us introduce the following shorthands 



fjMm,Nn 
^Koaono 

^Mm,Ko(7ono 



(9 ^)Mm 



(F.9) 



Then we can rewrite the A 2 -expansion as 



^ (xjjv) + ^ {{Pjjv) ) + 7 fsgn(CTo)(A) - sgn((7o)(A) 1 I , ^ sgn(ao)e^Q(t;), no 



T 

( <j (xjjvr + ^ {{Pjjvy) - 7 fsgn(5o)(A)- - sgn(c7o)(A)-] \ , ^ sgn(5o)e^^(^^), no 



4 
T 
4 



2 
1 
2 



ai|det((p) )l^ y^„y^2 



4/l''(l)/r(l) ) + C^"'C^'' I 40/i'^(l)/r(l) + 32 ( /f ^(1 



(l)n^^(3), 



f(2). 



+ Ois\sT/tf) 
(F.IO) 



The expansion has the following structure 



— J (ao + ais(x)" + Q2S^((x)")^) (/3o + Pis{x)- + /?2s2((x)-)2) (70 + jis{x)- + 72S^((x)")^) 

= ao/5o7o + ["2 (/3o + To) + P2 (72 + "2) + 72 ("o + /^o) + Q:i/3i7o + q:i/3o7i + aoA7i] 

+lin((i)-) + O(s2(sr/02) (F.ll) 



whereby lin((x) ) denotes all terms linear in (x) which we do not show in detail as they will not contribute 
to the final result, because they vanish when integrated against the even function exp(— 2((x)'~)^). Precisely, 
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when considering what the a,/3 and 7 coefficients actually are, we obtain 



A2 (J^{xjjy) + ^ ) + ^ sgn((7o)(A) -sgn((7o)(A) | , ^ sgn((7o)e^g(i;), no 

(Uxjjv)~ + ^ {(PJjv)') - J sgn(ao)(A)- - sgn((7o)(A)- I , ^ sgn(ao)e^^(i;), no 



fl^|clel(0;)-)| 



+*^(^)Mm(^)7Vn{ 



+ I C^oaom^ (/f^(l) 



-nomn 



Mm,Nn / ^ j-(I) /i \ j-(2) , 



4/i''(l)/r(l) ) +C^'"C^'* I 40/i'^(l)/i"^(l) + 32 ( fY'{l 



p(2)/ 



+ o(s2(sr/i)2) 



(F.12) 



When integrating the Aa-functions multiplied with the Gaussian exp(— 2((x)J^^^)^), the integral is ^7r/2^ 

9 _ 

and (9/4)A/vr/2 for the zeroth power and the second power in {x)j^^ respectively. Note that we have a 

factor e in the expression for the expectation value. Therefore 

we have to expand this function in powers of t. The linear term in t leads to term having a minimal order of 
{sTY /t. This order is already smaller than terms of the order s'^{sT/tf', because [s^(sT/t)^] [t/(sr)^] = 
/t = S> 1. Fortunately, we can neglect the linear term in t in the expansion of the exp- function. 
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Consequently, the final expectation value of (O-'-*^-. _ V^^j^^^^^^ is given by 



Qmo,no \ 
loJoKoaov {g,J,a,j,L}/ 



II {g,J,cr,j,L}ii 
2 <fJa-jv^{Io,Io,Jo,Jo,o'o,^o,nio,fho,v,J,a,j,v) 



' a2|det((p) )l^ y^„y^2 



+ 4^- 



(1) 



2 3! ^^'^ 



2 3! 



+ 



C^'"'^" ( 4/f ^(l)/f ^(1) ) + C^rUfjNn I 40/«(l)/(3)(l) + 32 ( /f )(1 



+0(s2(sr/t)2) (F.13) 



Recalling the definition of the Master constraint, we have 



IoJqKo o"o=+,- 



IqJqKq 



mo, no 



'omonoO j^j^Xoaov 



IoJqKq cro=+, 



(F.14) 



Using the fact that the expectation value of M can be expressed in terms of the expectation value of 
/^mo,no )to'^0'"o and that we have shown that the leading order agrees with the classical Master 
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constraint, we have our final result given by 



' {9,J,<^J,L}'' 



E E E E 

hJoKo igJoKo o"o-+,- 0-0=+,- 



1 c c 1 "mo, no "mo, no / ^ "^^omono "^«ontono 



4o2 1 det((p)~)|4 



2^ 



+i E •fiJ<jjv^[IoJo,Jo,Jo,o-o,o-o,mo,mo,v,J,a;j,v) 



+ 



^^Xoaono ^ ^ 

2^ ^ + si ■''^ 



_j_ / (jKoaono _|_ ^Koaono 



fjMm,Nn ( 4/(1) (1)/|2) ^-^^ j ^ ^^Aim^^JVn j 40/^^^ (1)/^'^^ (1) + 32 ( /[''{I] 

8 8 



iMm^Nn ( /in f (1) ^j^^J^"*) / 

8 8 



e(2). 



_j_ I' QKoaona QMm,KoaQno _j_ ^-ffocrono ^Mm, E'ocrono ^A^n J g ^^^^ (^l^J^^^ (1) j -)- (jM"^,Kocrono QMm,Kocrono 



8 8 



+o(s2(sr/t)2 



(F.15) 
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